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ENUMERATION OF COMPLEX AND REAL SURFACES VIA TROPICAL 

GEOMETRY 

HANNAH MARKWIG, THOMAS MARKWIG, AND EUGENII SHUSTIN 


Abstract. We prove a correspondence theorem for singular tropical surfaces in R®, which recovers 
singular algebraic surfaces in an appropriate toric three-fold that tropicalize to a given singular 
tropical surface. Furthermore, we develop a three-dimensional version of Mikhalkin’s lattice path 
algorithm that enumerates singular tropical surfaces passing through an appropriate configuration 
of points in R^. As application we show that there are pencils of real surfaces of degree d in P® 
containing at least (3/2)d^ -|- 0{d^) singular surfaces, which is asymptotically comparable to the 
number 4(d — 1)^ of all complex singular surfaces in the pencil. Our result relies on the classification 
of singular tropical surfaces [ID]. 


1. Introduction 

The tropical approach to enumerative geometry, initiated by Mikhalkin’s correspondence the¬ 
orem has led to remarkable success in the study of Gromov-Witten and Welschinger (open 
Gromov-Witten) invariants of toric varieties (see, for example, [141 [7]b Mikhalkin originally used 
tropical methods to count curves in toric surfaces satisfying point conditions. Nowadays the trop¬ 
ical techniques are developed for enumeration of curves satisfying tangency conditions in addition 
mm, for covers satisfying ramification conditions |3] and for curves in higher dimensional varieties 
satisfying point conditions |15] . Little is known about the enumerative geometry of surfaces in toric 
three-folds and the tropical counterparts. With this paper, we contribute a first step towards the 
establishment of tropical methods in such higher-dimensional enumerative problems. 

The goal of this paper is to extend the tropical technique to the case of surfaces, having in mind 
the test problem of enumeration of surfaces belonging to a given divisor class in a given projective 
toric threefold, having a singularity in the big torus, and passing through an appropriate number of 
generic points. Even in this seemingly simple problem, the tropical enumerative geometry appears 
to be non-trivial in each step. 

More concretely, with start with three-dimensional version of the lattice path algorithm, which 
enumerates singular tropical surfaces with a given Newton polytope that pass through a collection 
of points arranged on a generic line in a special way (cf. |14]). Gontrary to the planar curve case, 
the corresponding lattice paths can be disconnected (we call it “lattice path with a gap”), and the 
problem of inscribing one of the five possible circuits (see [10] 1 into the given lattice path turns 
to be a non-trivial combinatorial task, which results both in local (i.e., related to the circuit) and 
global (i.e., related to the whole lattice path) restrictions. Notice also that if the line of point 
constraints is sufficiently close to one of the coordinate axes, in the planar curve case, the lattice 
path algorithm converges to a Gaporaso-Harris algorithm [6] which counts tropical curves with 
relatively simple circuits represented by unit parallelograms and multiple edges, and this leads to 
a much simpler floor-diagram algorithm [2]. In its turn, a similar enumeration of singular tropical 
surfaces necessarily involves surfaces with circuits represented by unit parallelograms and double 
edges as well as by pentatopes, which are much more involved (for example, their classification up 
to Aff(Z^)-equivalence is infinite, see m)- 

The next step is a correspondence statement, which to a given configuration of points in the big 
torus of the given toric three-fold and a singular tropical surface passing through the tropicalized 
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point configuration associates all possible singular algebraic surfaces which contain the original point 
configuration and tropicalize to the given singular tropical surface. An important intermediate step 
in the correspondence is the finding of possible locations of tropical singular points, which can be 
done in several ways, contrary to the planar curve case (cf. [TOl [TT] 1. 

As result, we derive a formula for the number of singular surfaces in a given divisor class on a toric 
three-fold that pass through a generic configuration of points in the big torus, or, in other words, 
we compute the degree of the discriminant, namely, our formula runs over all singular tropical 
surfaces appearing in the lattice path algorithm and counts them with specific multiplicities. There 
are even simpler formulas for the degree of the discriminant (see, for instance [H Corollary 6.5]). 
However, an advantage of the tropical count is that it respects the real structure, and thus, one 
can count real objects. To demonstrate this in our situation, we address the following 

Question: How many real singular surfaces can occur in a generic real pencil of surfaces of 
degree d in¥^? 

We show (Theorem 15.11 in Section |Aj) that there exist generic pencils of surfaces of degree d 
containing at least {‘i/2)d? + 0{d^) real singular surfaces, which is comparable with the total 
number 4(d — 1)^ of (complex) singular surfaces in a pencil. 

The paper is organized as follows. In Section [21 we collect preliminaries, introduce notation and 
state the problem. In Section[3l we present a lattice path algorithm enumerating all singular tropical 
surfaces with any given Newton polytope. In Section |4l we derive a correspondence theorem and 
compute multiplicities for each case that can appear, i.e. the number of singular algebraic surfaces 
tropicalizing to a given tropical singular surface. In Section 5, we apply our algorithm to count real 
singular surfaces in real pencils. 

1.1. Acknowledgements. The research was supported by the German-Israeli Foundation grant 
no. 1174-197.6/2011, by the Minerva-Minkowski Center for Geometry at the Tel Aviv University 
and by the DFG-grant MA 4797/5-1. A substantial part of this work has been done during the 
authors’ visit to the Centre Interfacultaire Bernoulli, Lausanne, and during the third author’s visit 
to Institut des Hautes Etudes Scientifiques. We are very grateful to these institutions for the 
hospitality and excellent working conditions. 

2. Preliminaries 

In the paper, we address complex and real enumerative problems, which can be expressed as 
counting intersections of the discriminant with a complex or real pencil of hypersurfaces. Since the 
discriminant of a polynomial over Z, by transfer principles (Lefschetz principle for the algebraically 
closed case [HI Theorem 1.13] and Tarski principle for the real closed case [H Theorem 1.16]), 
our problems are respectively equivalent to those over K = Um>i of locally 

convergent Puiseux series, and its real part Kr = Um>i Observe that IK and Kr possess 

the non-Archimedean valuation Val (^^ a^t’’) = — min{r S Q : 7 ^ 0} . 

Let A C be a non-defective convex lattice polytope such that the set {u — u' : u,u' G AnZ^} 
generates the lattice Z^. Let A = |AnZ^| — 2>0. Denote by TorK(A) the toric variety over IK 
associated to the polytope A. Let £a be the tautological line bundle on TorK(A). Sections of £a 
are (Laurent) polynomials with support inside A. Denote by \C/s\ the linear system of divisors of 
0 / G 77° (£a)- Clearly, dim|£A| = |AnZ°| —1 = N + 1. Define the discriminant Sing(A) C |£a| 
to be the family parameterizing divisors with a singularity in (IK*)^. Under our assumptions on 
A, the discriminant Sing(A) is a hypersurface, and it is natural to ask for its degree degSing(A). 
The answer is known and can be expressed via combinatorics of A (see, for example, |U Corollary 
6.5]). Sometimes it takes a form of a simple formula, for instance, if A is the simplex with vertices 
( 0 , 0 , 0 ), (d, 0 , 0 ), ( 0 , d, 0 ) and( 0 , 0 , d), then 

deg Sing(A) = 4(d — 1)^ . 


(1) 
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Geometrically, the degree can be seen as 7 ^(Sing(A) n'P), where V C |£ a | is a generic pencil. 
For example, we can take the pencil {5 € |£a| : S Dp} , where p = {pi, ...,pj^) is a configuration 
of N points in (K*)^ in general position. Such a geometric view of the degree of Sing(A) can be 
translated to the tropical setting. 

Denote by Sing*'^(A) the tropical discriminant parameterizing singular tropical surfaces with 
Newton polytope A, i.e. tropicalizations of algebraic surfaces S G Sing(A) (background on singular 
tropical hypersurfaces can be found in [HEldO]). Suppose that x = {xi, ...,xn) = Val(p) C is 
a configuration of N distinct points, which are in general position. Then the set Sing*'^(A,a) := 
{S' G Sing*'^(A) : S D is finite, all tropical surfaces in this set are of maximal-dimensional 
geometric type, and the points xi,...,xi\f are interior points of 2-faces in each of these surfaces 
(see ini Theorem 1 and Section 2.3]). We fix a general configuration a; C and suppose that 
p C (K*)^ is generic among the configurations tropicalizing to x. 

Problem 2 . 1 . (1) Describe the combinatorics of tropical surfaces S G Sing*''(A) passing through 
a given configuration x C of N points in general position. We denote this set by Sing''''(A, ®). 

(2) Given a tropical surface S G Sing*''(A, ®), calculate mt(S, ®), the cardinality of the set 
Sing(A,p, S) of surfaces S G Sing(A) that tropicalize to S and pass through a fixed generic config¬ 
uration p C (K*)^ of N points such that Val(p) = x. 

(3) Furthermore, assuming that the configuration p is real, calculate mt®(S, s), the number of 
real surfaces in Sing(A,p, S). 

We present a solution to the first part of the problem in Section [3l where we develop a three- 
dimensional version of Mikhalkin’s lattice path algorithm MM- A solution to the second part is 
presented in Section 01 The following corollary is an immediate consequence. 

Corollary 2.2. The degree o/Sing(A) can be computed by means of a tropical lattice path algorithm 
as 

degSing(A) = ^ mt(5,®) . (2) 

SgSing*qA,®) 

The third part of problem 12.11 is addressed in Section where we use the fact that the patch¬ 
working procedure of Section H] allows us to explicitly exhibit all algebraic surfaces S G Sing(A) 
passing through any fixed configuration p C (K*)^ such that Val(p) = x. 

Our results rely on the classification of singular tropical surfaces in of maximal-dimensional 
geometric type [TO]. The dual subdivision of such a singular tropical surface contains a unique 
circuit whose dual cell in the surface contains the singular points. The possible circuits of affine 
lattice point configurations in threespace are classified (up to integer unimodular transformations), 
see Figure [TJ We have to consider different cases for the lattice path algorithm according to the 



(A) ' (B) (C) (D) (E) 

Figure 1. The possible circuits in the dual subdivision of a singular tropical surface, 
type of the circuit in the dual subdivision of a singular tropical surface passing through the points. 

3. The lattice path algorithm in dimension 3 

In this section, we present a solution for Problem 12.11 (If. which consists in the following algo¬ 
rithmic procedure: 

• First, we choose tropical point constraints in Mikhalkin’s position (see Section EH). 
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• Next, we enumerate all possible lattice paths of length N = | A n — 2 inscribed into the 
polytope A and related to the chosen point constraints (see Lemma I.S.21 in Section [3.2jl . 

• Finally, for each of the above lattice paths and each of the five types of circuits (Figured]), 
we construct all singular tropical surfaces that pass through the given point constraints, 
have a circuit of the chosen type, and whose dual subdivision of A contains the given lattice 
path (see Lemmas 13.7113.9113.10113.11113.12113.13113.141 and 13.151 in Section 13.41) . 

In what follows we use the notation Volz(5) for the lattice volume of a positive-dimensional 
lattice polytope 6, i.e., the volume normalized by the condition that the minimal lattice simplex of 
dimension dim (5 in the affine space spanned by 6 has volume 1 . 

3.1. Tropical point constraints in Mikhalkin’s position. To apply a lattice path algorithm 
similar to the one for tropical curves m, di Section 7.2], we place the points in the following 
special position. Choose a line L C passing through the origin and directed by a vector t; S 
which is not parallel or orthogonal to any proper affine subspace of spanned by a non-empty 
subset A C A n then pick the following (ordered) configuration x = {xi, of marked 

points 

{ Xi = MiV G L, * = 1,..., N, where 

0 <C Ml <C ... ^ Mtv are positive rationals, 

V = lAnZ^I - 2 . 

Remark 3.1. The configuration ([3|) is generic. The set Sing*’’(A, is finite, and all its elements are 
singular tropical surfaces of maximal-dimensional geometric type as described in m Theorem 2]. 
Moreover, for any S G Sing*'^(A, ®), each marked point Xi, 1 < z < V is in the interior of a 2-face 
Fi of S, and F) 7 ^ Fj as z / j. 

We will solve Problem 12.11 11 for point configurations satisfying (j3|). 

3.2. The dual reformulation. Introduce the partial order in u >- u' {u — u',v) > 0 

to obtain a linear order on A n 

A n Z^ = {icO) ■■■,'Wn+i}, Wi -< rci+i for all z = 0,..., N . 

Given a subset A C A n Z^, consisting of m > 2 points ai -< 02 ^ ... -< am, the complete lattice 
path supported on A is the union P{A) of segments [aj,aj_|_i], 1 < z < zrz. A (partial) lattice path 
supported on A is a union of a non-empty subset of {[aj,aj_|_i] : z = l,...,m — 1 } that contains 
the whole set A. 

Let F 5 : —)• M be a tropical polynomial defining a singular tropical surface S G Sing*’^(A, ®), 
1/5 : A — 7 - M the Legendre dual piecewise linear function, whose linearity domains determine the 
subdivision of A dual to S. Denote by e^, z = 1,... , V the edge of S 5 dual to the 2-face F) 
of S containing the point Xi in its interior. We denote by P{S,x) = (J^i ei C A the lattice path 
corresponding to the pair {S,x). 

Lemma 3.2. For a singular tropical surface S passing through x, the lattice path P{S,x) defined 
above satisfies: 

(i) Either P{S,x) = P{A') Li P{A''), where A' = {wq, ...,Wk}, A" = {refc+i,..., wjv+i} for 
some 1 < k < N; we call this path Ffc^fc+i; 

(a) or P{S,x) = P{A), where A = A n Z^ \ {refc} for some Q < k < N + 1; we call this path 
Tk. 

We call the lattice paths F^, k = 0,..., N + 1 and Ffc_fc_|_i, k = 1,..., N the marked lattice paths 
for A. 

Proof. By the duality of S and the subdivision S 5 (see m Section 2.1]), the components of 
\ S' are in one-to-one correspondence with a subset of A n Z^ (including all the vertices of A). 
Due to the convexity of these components, different connected components oi L\x cannot intersect 
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the same component of \ S. Since L\x has |a:| + l = A^ + 1 = |AnZ^| — 1 components, we 
encounter the following situations: 

(a) both L\x and M.^\ S consist of A + 1 components; 

(b) L\x consists of A + 1 components, and \ 5 consists of A + 2 components. 

Now note that if Wi and wj are dual to the components w*, w* intersecting L along neighboring 
intervals, and the vector v points from w* to w*, then wj >- Wi. 

In case (a), there exists a unique point w^, 0 < k < N -\-1, that is not a vertex of the subdivision 
Tis- Then P{S,x) = Tk- 

In case (b), if there is a component of \ 5 disjoint from L, then P{S,x) again is T^ for 
some 0 < A: < A + I. Otherwise, we have an extra intersection point y ^ L\x oi LD S, and then: 
if y ^ xi we get the path Tq, x^ ^ y ^ ®fc+i for some A: = 1, we get the path T^ fc+i, and 

at last, if x^ ^ y we get the path T at + i - □ 

We can now refine problem 12.ll ll as follows: 

Problem 3.3. Given a marked lattice path P, find all subdivisions T, of A that contain the path P 
(i.e., each edge of P is an edge of the subdivision Sj and are dual to singular tropical surfaces S 
passing through x (such that the edge dual to the 2-face Pi containing Xi is in P). 

We suggest a solution to Problem 13.31 which can be regarded as a three-dimensional version of 
Mikhalkin’s lattice path algorithm mM- By m Theorem 2], the desired subdivision S has one 
circuit of type A, B, C, D, or E as depicted in Figure [Hand all its three-dimensional cells that do 
not contain the circuit are simplices, i.e. tetrahedra whose only integral points are their vertices. In 
the next Section 13.31 we present an auxiliary construction that completes the subdivision outside 
the circuit. In Section [3.41 we explain how to fit a circuit in a subdivision for a given lattice path. 

3.3. The smooth subdivision algorithm. We will first show in general terms, how to extend a 
given subdivision when the underlying polytope is enlarged. 

Lemma 3.4. Let us he given the following data: 

• a convex lattice polytope 6' C M” and a convex piecewise linear function u' : 5' —)• M, whose 
linearity domains define a subdivision a' of 5' into convex lattice subpolytopes; 

• a convex lattice polytope 6" C M” such that Sq = 6' (1 5" is a cell of the subdivision a' and a 
face of S" of codimension 1. 

Pick a point w G d" n Z" \ 5'. Then there exits a unique extension of a' to a convex subdivision a 
of 5 = Conv((5' U 6") such that 

• the vertices of a are the vertices of a' and of 6", 

• 6" is a cell of a, 

• the cells of a are linearity domains of a convex piecewise linear function u : 5 —)• M such 
that = u' and i/{w) S> maxuh 

Proof. Clearly, w does not lie in the affine subspace of M” spanned by do- Hence the (linear) 
function and the value v{w) induce a unique linear function u” on 6”. Furthermore, the 
condition v{w) S> maxu' ensures that any segment in joining an interior point of the graph 
of v' and an interior point of the graph of v" lies above these graphs. Hence the lower facets 
of Conv(Graph(u') U Graph(u'')) (i.e. the facets whose outer normal vector has a negative last 
coordinate) defines a graph of a convex piecewise linear function u : d —>• M as required. Finally, we 
note that there is a /x ;§> max u' such that the subdivision of <5 dehned by the linearity domains of 
u does not depend on the choice of the value v{w) > p. □ 

Example 3.5. Let 5' C M” and u' : <5' —M be as in Lemma [3~il w & IP \5'^ 5 = Conv((5' U {m}). 
Let V G Q” be a vector which is not parallel or orthogonal to any segment joining any two distinct 
points of 5. Suppose that w >~ w' for any w' G 5'. Then the construction of Lemma 13.41 works as 
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follows. Note that there exists a point w £ 6' which satisfies w >- w' for all w' £ 5' \ {w} and 
that the segment [rhjw] intersects with 5' only at w. Then we can put 6" = [ihjm] and extend 
the subdivision a' of 6' to a convex subdivision of 6. We call the subdivision a of 6 the smooth 
extension of a'. 

An important particular case is the following construction. 

Lemma 3.6. Let A = Conv(A), where A C A n 1?, |A| = N + 1, and A = {ag, ...,aisf}, ag ^ 
ai -< ... -< an (order defined by v). Letx be a sequence of points o/M^ given by Then: 

(i) In the space of tropical surfaces defined by tropical polynomials of the form 
F : —>■ M, F{X) = max(cj + (oj, A)), Cj G M, z = 0,..., N , 

uj&A 

there exists a unique surface S = S{A,x), that passes through x. 

(a) Each point ofx belongs to the interior of some 2-face of S, and distinct points belong to 
distinct faces. 

(in) The dual subdivision S 5 consists of only tetrahedra, and it is constructed by a sequence 
of smooth extensions, when starting with the point ag and subsequently adding the points 
ai,...,aj\j. The edges dual to the faces of S, that intersect x, form the lattice path P{A) 
subsequently going through the points ag, 

Notice that we view the space of tropical surfaces defined by tropical polynomials as above 
as ..., 1). In particular, we can always assume that the first coefficient of the tropical 

polynomial satisfies cg = 0 . 

Proof. Statements (ii) immediately follows from the general position of x. Thus, we explain 
only parts (i) and (hi). The polynomial Fs{X) defining S can be computed from the formulas: 

Cg = 0, Ci-i + {ai_i,Xi) = Ci + {ai,Xi), i = , 

or, equivalently, 

Cg = 0, Ci - Ci-i =-Mfiai - ai_i,v), i = . (4) 

The function 2/5 : A —M takes value —Ci at the point a^, i = 0, Since 0 <C Mi <C ... <C M^r, 

we have vs{o-i) for all i = 1,...,A, which is required in Lemma 13.41 and Example 13.51 

□ 

3.4. Subdivisions with prescribed type of circuit. In this section, we study how the types of 
circuits depicted in Figure [H fit into subdivisions for a given lattice path. 

3.4.1. Subdivisions with circuit of type B, C, or E (see Figure\^. 

Lemma 3.7. (1) A marked lattice path P admits an extension to a subdivision S of A, dual to 
a surface S £ Sing*''(A,®) and having a circuit of type B, C, or E, only if P = T^ (see Lemma 
\3.2\) . where 1 < k < N, and is not a vertex of A. Moreover, this subdivision is unique and it 
can be constructed by the smooth triangulation algorithm of Lemma \3.6\I iii) supported on the set 

A = ArMfi\{wk}. 

(2) Let P = Tfc, where 1 < k < N and Wk is not a vertex of A. Then the subdivision S of A, 
constructed as in item (1), is dual to a surface S £ Sing*’’(A, if and only if one of the following 
conditions holds true: 

• the point Wk belongs to the interior of a three-dimensional cell ofT, (i.e. rcfc is the interior 
point of a circuit of type B); 

• the point belongs to the interior of a two-dimensional cell of S, and, if £ dA, the 
subdivision S additionally satisfies the third condition in |10l Theorem 4] (i.e. Wk is the 
interior point of a circuit of type C); 

• the point Wk is the midpoint of an edge ofT,, and, ifw^ £ dA, the subdivision S additionally 
satisfies the fourth condition in |10l Theorem 4] (i.e. is the interior point of a circuit of 
type E). 
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Proof. Statement (1) is straightforward. Statement (2) follows from |10l Theorem 4], □ 


Remark 3.8. It follows from the smooth triangulation algorithm of Lemma l3.6l iiii that the coeffi¬ 
cients Ci, i k, oi the tropical polynomial defining the unique surface S G Sing*'^(A,®) dual to a 
subdivision extending and containing a circuit of type B, C, or E according to Lemma l3.7l 2) 
are determined by the point conditions x. Furthermore, the lattice points wi forming the circuit 
satisfy a unique up to nonzero multiple relation = 0 with ^ A; = 0. Since the circuit is 

part of the subdivision, it follows that A/c; = 0 , which allows us to deduce the value of Ck from 
the others. We call the equation Xici = 0 defining the circuit relation for the coefficients of 
the tropical polynomial. 

3.4.2. Subdivisions with circuit of type D (see Figure\^. For circuits of type D, we have to treat 
the case of a connected path F^ or a disconnected path Ffc^fc+i (see Lemma [ 32 ]) separately. 

(1) The case of a connected path P. 

Lemma 3.9. Let P = Tk for some k = 0 ,..., A -|- 1, and let P extend to a subdivision T, of A with 
a circuit C of type D, that is dual to a surface S G Sing*’'(A, ®). Then 

(i) the circuit C contains Wk and three more vertices Wi,Wj,wi ,i<j<l; 

(a) the subdivision S is uniquely determined by the pair {k,C), in particular, 

• it contains a smooth triangulation of Comr{P{l*)) as in LemmaES where P{1*) is the 
part of P bounded from above by the vertex wi* preceding wi in P, 

• the parallelogram Conv(C') intersects Conv(P(/*)) along the edge [wi,Wj], 

• Ti is obtained from the triangulation o/Conv(P(P)) by the extension to Conv{P{l*)uC) 
as in Lemma \3.4\ and by a sequence of smooth extensions as in Example I A. ,51 when 
subsequently adding the points of P following wi. 

Proof. We explain only the first claim in statement (ii), since the rest is straightforward. As in 
Lemma [ 32 ] and Remark [321 we obtain the coefficients of a tropical polynomial defining the surface 
S from the point conditions and the circuit relation. Let us be the piece-wise linear function defined 
by this polynomial. 

Suppose that Wg G P, Ag = Conv(P(s)) (where P{s) is the part of P bounded from above by 
the vertex Wg) is smoothly triangulated, and s is maximal like that. Assume that s < I*. The 
fact that the triangulation of A^ does not extend to a smooth triangulation of Conv(As U {rcs+i}) 
means that in the graph of u, there exists a line segment cji joining (m^+i, us^Wg^i)) with a point 
{zi,us{zi)) G As X M and a line segment c72 joining a point {wm,us{wm)), m > s + 1, or the 
point (wk,us{wk)) with a point {z 2 ,us{z 2 )) G A^ x M, such that ai n (A^ x M) = {zi,us{zi)), 
02 n (As X M) = {z 2 .,us{z 2 ))., 02 hes in a lower face of the graph of us, and the projections of 
cri,cJ 2 onto intersect in the interior of the projection of this face. This, however, contradicts 

the convexity of the function ; A —>• M, since the values us{wm), where m>s-|-lorm = fc, 
are much larger than us{wg^i) (for m k this follows from the smooth triangulation algorithm 
Lemma 13.61 for m = k from the circuit relation as in Remark 13.81) . □ 

Lemma 13.91 provides only necessary conditions for a subdivision with circuit of type D, dual to 
a singular tropical surface passing through the given point configuration. To formulate sufficient 
conditions, consider the univariate tropical polynomial 

+ • (^) 

Its coefficients cq, ...,CAr+i are determined by the following relations (point conditions and circuit 
relation, see Remark 13.8p : 

• for /c = 0 

Cl = 0, Cg+i + Ms{wg+i,v) = Cg + Mg{wg,v), I < s < N, cq + ci = Ci + cj , 
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for /c = + 1 

Co = 0 , Cs +Ms{Ws,v) = Cs-1+Ms{Ws_i,v), 1 < S < N, Ci +CN+1 = Cj + Cl , 

ior 1 < k < N 

Cs + Ms{Ws,v) = Cs-1 + Ms{Ws_i,v), 

Cfc+1 + Mk{wk+i,v) = Cfc-1 + Mk{wk_i,v), 


Co = 0, 


Cs+l + Ms {Ws+l ,v) = Cs + Ms {Ws, v) , 

Ck + Cl = Ci + Cj, if k < i, 

Ci + ci = Ck + Cj, if i < k < I, 


as 1 < s < k, 
as k < s < N, 


^Ci + Ck = Cj + Cl, if k > 1. 

Lemma 3.10. The subdivision S constructed in Lemma 13.91 is dual to a tropical surface S G 
Sing*'^(A,®) if and only if the following conditions hold: 

(i) the face ofT, given by the circuit does not lie on dA; 

(a) i < k < 1. 

Proof. The first condition is necessary by uni Theorem 4]. Having it fulfilled, we have to ensure 
that the roots of the tropical polynomial Fs\j^{t) (that is the restriction of the tropical polynomial 
defining S to the line L) are Ms, f < s < N, and maybe one more root outside the range [Mi, Mj\f]. 
Since the tropical polynomial 

F(r) = max {cs+t{ws,v)) 

0<s<N+l, s^k 

has precisely the roots Mi,..., M^, we end up with inequalities 

Co + Mi{wo,v) < Mi{wi,v) = C 2 + Mi{w2,v), if k = 0, 

Ck + Mk{wk,v) < Ck-i + Mk{wk-i,v) 

= Ck+i+ Mk{wk+i,v), ifl<k<N, (6) 

CN+l + M]^{wn+1,v) < Cat + M]^{wn,v) 

= CN-1 +M]^{w]^_i,v), ifk = N + l. 

Condition ([ 6 ]) is necessary as well, cf. the proof of Lemma 13.21 The sufficiency of conditions 
(i) and Q comes again from uni Theorem 4] (i.e., S is singular), and from the fact that Fs\j^{t) 
dehnes the intersection points of L and S: 

We show the equivalence of (ii) and (l 6 |). Suppose that i<j<l<k<N. Then from ([ 6 ]) and 
the circuit relation we derive 

Cj = o(Mj), Cj = o{Mi), Cl = 0{Mi), Ck-i = o{Mk), Ck = ci + Cj - Ci = 0{Mi), (7) 

and hence 

Ck +Mk{wk,v) <Ck-i +Mk{wk-i,v) 44 ^ Ck<Ck-i-Mk{wk-Wk-i,v) 

0{Mi) <-Mk{wk-Wk-i,v)+o{Mk) , 

a contradiction. 

Suppose that i < j <l<N<k = N + l. Again ([ 6 ]) and the circuit relations yield 

CN+1 + Mn{wn+1,v) < Cn + Mn{wn,v) Cn+1 < Cn — Mn{wn+1 — Wn,v) 

=> 0{Mi) <—Mm{wm+i — wn_i,v) + o{Mm) , 

a contradiction, since I < N, and hence ci = 0{Mi) = o{Mj\f). 

Suppose that ^<^<^ = ^<^ = ^ + 1. Then similarly we get 

CN+1 + M]\f{W]y+l,v) < Cn + MN{W]\f,v) Cn+1 < Cn — Mn {w ]\f+i — W ]\f, v) 

CN + Cj - Ci <CN - Mn{wn+1 - Wn,v) Cj - Ci < -Mn{wn+1 - Wn,v) 

which is a contradiction. 
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Suppose that l<k<i<j<l. Then we have 

f Ci = o{Mi_i), Cj = o(M/_i), Cl = -Mi_i{wi -wi_i,v) +o(Mz_i), 

I Cfc+i = o(Mz_i), Ck = Ci +Cj - Cl = - wi_i,v) + o{Mi_i), 

and hence 

Ck + Mk{wk,v) < Ck+i + Mk{wk+i,v) Ck < Ck+i +Mk{wk+i - Wk,v) 


a contradiction. 
In the case k 


Mi_i{wi -wi_i,v) +o(Mi_i) < o(Mz_i), 


0 <l<i<j</, we again have relations ([8|), and hence 
Co + Mi{wo,v) < Mi{wi,v) Co < Mi{wi - wo,v) 


Mi_i{wi -Wi_i,v) +o(M;_i) < o{Mi_i), 

a contradiction. 

In the case k = 0, i = 1 < j < I, we similarly obtain 


Co < Mi{wi - wo,v) = 0(Mi) = o(Mz_i) , 


since / — 1 > 2. However, from the circuit relation, we get 

Co = Cj - Cl = Mi_i{wi - wi_i,v) + o(Mz_i) , 

which contradicts the former conclusion. 

Suppose that i < k <1. Then the equations for c^, 0 < s < + 1, yield 


Q 


-Mi_i{wi - wi_i,v) + o(M;_i), if k <l - I, 
-Mi_i{wi - wi_ 2 ,v) + o{Mi_i), if k = 1-1. 


If A; < ^ — 1, the required relation reads 

Ck + Mk{wk,v) < Ck+i + Mk{wk+i,v) Ck < Ck+i + Mk{wk+i-Wk,v) = 0{Mk) = o(Mz_i) 

Cl + Ci - Cj < o{Mi_i) -Mi_i{wi - wi_i,v) + o{Mi_i) < o{Mi_i) , 

which holds true. 

If A: = / — 1, the required relation reads 


ci + Ci- Cj + Mi_i{wi_i,v) < Cl + Mi_i{wi,v) a - Cj = o{Mi_i) < Mi_i{wi - wi_i,v) , 

which again holds true. □ 


(2) The case of a disconnected path P. 

Lemma 3.11. Let P = for some 1 < k < N. Then it cannot be extended to a subdivision 

of A with a circuit of type D that is dual to a surface S G Sing*'’(A, ®). 


Proof. Observe that L Ci S contains the marked points Xg = MgV, 1 < s < N, and one more 
point £Co = Mqv such that Mk < Mo < Mk+i, which separates the intervals 0 L and n L 
(here, denotes the connected component of \ S' dual to Wk, cf. the proof of Lemma l3.2p . 
If P extends to a subdivision of A dual to a surface S G Sing*'’(A, ®), then the coefficients of the 
tropical polynomial Ts|i(r) (see ([5|)) can be computed from 


Co = 0 , Cs+l 


Cs - Mg+i {Wg+l -Ws,v), 
< Ck - Mo{wk+i - Wk,v), 

Cg - Mg{wg+i - Wg,v), 


if 0 < s < k, 
if s = k, 
if k < s < N. 


(9) 


Assume the circuit of type D consists of the points Wi, Wj, wi and Wm, with i < j < I < m. 
Joining relations Q and 0 <C Mi ^ ... <C Mjv, we can write the circuit relation c^ + Cm = Cj + c/ as 
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Cm + o(cm) = 0{ci), which yields = 0{ci), and hence it can hold only if I = k, m = k + 1, and 
Mq = 0{Mk). However, under these conditions, the circuit relation Cj + Ck+i = Cj + Ck converts to 

Cfc+i -Ck = Cj -Ci -Mo('Uifc+i -Wk,v) = 0{Mj) , 

which is a contradiction, since Mq > Mj as j < k. □ 


3.4.3. Subdivisions with circuit of type A (see FigureUf). Recall (cf. [ini Theorem 2]) that a circuit 
of type A is formed by the vertices of a pentatope, which up to Z-affine transformation can be 
identified with 

Up^g = Conv{(0, 0,0), (1,0, 0), (0,1, 0), (0, 0,1), (l,p, g)}, p,q>0, gcd(p, q) = 1 . (10) 

The circuit relation (see Remark l3.8j) means that the points (w, —c^^) G io G Hp^g, G M, lie in 
one 3-plane, and it can be written as 

cioo + pcoio + qcooi = {p + g)cooo + cipg . (11) 

(1) The case of a connected path P. 

Lemma 3.12. Let the lattiee path P = Tk (see Lemma \3.^) . 0 < k < N + 1, admit an extension 
to a subdivision T, of A with a eircuit C = {wi,Wj,wi,Wm,Wn}, i<j<l<m<n, of type A 
dual to a surfaee S G Sing*’^(A, ®). Then 

(i) ke {i,j,l,m,n}; 

(ii) the cases k = n < N and k = n = Npl>m + l are not possible; 

(in) the subdivision S is uniquely determined by the pair {k,C) and satisfies the following: 

• it contains a smooth triangulation of Am-i = Conv{ms : 0 < s < m, s k}; 

• the pentatope Conv(C') intersects A^-i along their common 2-face spanned by the first 
three points of C\ {wk}; 

• S is obtained from the triangulation of A^-i by the extension to Conv(Am-i U C) 
as in Lemma \3.4\ and by a sequence of smooth extensions as in Example 13.51 when 
subsequently adding the points of P following Wn- 

Proof. Claim (i) immediately follows from formulas (j3]), since in case k 0 {i, j, I, rn, n}, we would 
have |cn| max{|cj|, |cjl, |cj|, |cm|} contrary to the circuit relation (fTT]l (combined with a proper 
Z-afhne transformation). 

Suppose now that k = n < N. The necessary condition in this case is (see dH)) 

Cn T u) ^ Cn—l A Mn{Wn—i, v) 

Cn < Cn-1 - Mn{Wn - Wn-l,v) = -Mn{Wn - Wn-l,v) o{Mn) , 
whereas from the circuit relation (jUP we get 

Cn = 0{\Ci\ + \Cj\ -I- |q| |Cm|) = 0{Mm) = o{Mn) , 

a contradiction. 

Suppose that k = n = N + l>m + l. Then the necessary condition (l6|) yields 

CN+l + Mn{W]\[+i,v) < Cn-1 + Mn{wn-1,v) 

=► CN+l = Cn-1 — Mn{wn+1 — WN-1,v) = —Mn{wn+1 — WN-1,v) + o{Mn) , 
which again contradicts the circuit relation 

Cn = 0{\ci\ -t- \cj\ A \ci\ A |cm|) = 0{Mm) = o{Mn) ■ 

Claim (iii) is proved analogously to Lemma l3.9f ii). □ 
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Lemma 3.13. In the notation of Lemma \3.12l let the data k and C satisfy conditions (i) and (ii), 
and let a subdivision S of A be constructed as in item (Hi). Write the circuit relation m in the 
form 

Ck — ^ ^ . ( 12 ) 

Then S is dual to a tropical surface S G Sing*'"(A, if and only if the following holds: 

• for k = n = N 1, m = N, either 

{{Xn - 1){WN - WN_i) - (WN+I - wn),v) > 0 , (13) 


or 


{{Xn - l){wN - wn-i) - {wn +1 - wn),v) = 0 and 
either I < N — 1, 

< or Z = A — 1, Xn — 1 + Atv —1 > 0, 

or I = iV — 1, Xn — 1 Xn—i — 0? Xj ^ 0, 


• for 0 < k < n, we have Xn > 0 . 


(14) 


Proof. Similarly to the proof of Lemma 13.101 we have to check conditions ([6]), which read 

CN+i + Mn{'Wn+i,v) < cn + Mn{'Wn,v), ii k = n = N + 1, m = N, 

< Ck + Mk{wk,v) < Ck-i +Mk{wk-i,v), if0<k<n, (15) 

Co + Mi{wo,v) < Mi{wi,v), if k = 0. 

In the first case, we plug the circuit relation (fT^ and the relation c^v = cn-i—Mn{'Wn—'Wn-i,v) 
into (USD and obtain 

{Xn — l)cAr_i + Xici + XjCj + AjCj < Mn{{Xn — i){wN — wn-i) — {wn+i — wn),v) . (16) 

Since the left-hand side is of order o{Mn), we immediately see that (fT^ is sufficient for (fT5]) . and 
that the opposite strict inequality contradicts ifTS]) . If the right-hand side of (fT 6 ]l vanishes, we get 
Xn — i > 0 , and hence conditions (fH)l in view of 

CN-l = -Mn-i{wn-1-'WN-2,v)+o{Mn-i), Cl = -Mi{wi-Wi_i,v)+o{Mi), Cj,Ci = o{Mi) . 
In the second case, we again plug the circuit relation into (fT5]l and obtain 

f XnCn + T,s€{i,j,l,m}\{k} “ Cfe_i < -Mk{Wk - Wk-l,v), if /c / 0, 

\XnCn + XmCm + XiCi + XjCj < Mi{wi - Wo,v), if k = i = 0, 

which holds if and only if A^ > 0 in view of 

Cn — XIn {Wn nin—1; 'o) o{Mn)j Ci , Cj , C;, Cm — o{Mn) 

(recall that A^ / 0 ). □ 


(2) The case of a disconnected path P. 

Lemma 3.14. Let the lattice path P = Tk,k+i, f if k < N, (see Lemm,a \S. f3) admit an extension 
to a subdivision T of A with a circuit C = {wi,Wj,wi,Wm,Wn}, i<j<l<m<n, of type A 
dual to a surface S G Sing*''(A,«). Then 

(i) either m = k, n = k + 1, or m = k + 1, n = k + 2; 

(ii) the subdivision S is uniquely determined by the pair {k,C) and satisfies the following: 

• it contains a smooth triangulation of Am-i = Conv{iCs : 0 < s < m, s k}; 

• the pentatope Conv(C') intersects A^-i along their common 2-face Con.v{wi,Wj,wi}; 

• T is obtained from the triangulation of A^-i by the extension to Conv(Am-i U C) 
as in Lemma \3.4\ and by a sequence of smooth extensions as in Example 13.51 when 
subsequently adding the points of P following Wn- 
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Proof. From equations ([9]), we get that Ci,Cj,ci = o(|c„|), and hence the circuit relation (fTTT) 
yields that Cm and Cn must be of the same order. This is only possible if either m = k, n = k + 1, 
and Mq is comparable with M^, or m = k + 1, n = k + 2, and Mq is comparable with Claim 


(ii) can be proved as Lemma l3.9r iib 


□ 


Lemma 3.15. In the notation of Lemma \3.14[ let the data k and C satisfy condition (i), and let 
a subdivision T. of A be constructed as in item (ii). Write the circuit relation m in the form 


(17) 




(18) 


{wk+i -Wk- (Afc - l)(mfc - Wk-i),v) = 0, and 


either / < A: — 1, 

< or I = k — 1, Xk + Afc_i — 1 > 0, 

or I = k — 1, Xk + Afc_i — 1 = 0 , Xj > 0 , 


(19) 


• for m = k + l, n = k + 2, we have A^+i — 1 > 0 and either 


{wk +2 - Wk+i - (Afc +1 - l)(mfc+i - Wk),v) < 0 , 


( 20 ) 


or 


{wk +2 - Wk+i - (Afe +1 - l)(mfc+i - Wk),v) = 0 , and 


either I < k, 

< or I = k, Xk+i + Afc - 1 > 0 , 

or I = k, Afc+i + Afc — 1 = 0, Xj > 0. 


( 21 ) 


Proof. Suppose that m = k and n = k + 1. Plugging Ck+i = Ck — Mo(rOfc+i — Wk,v) into (fT7)l . 
we obtain 


Mo(tnfc+i - Wk,v) = (Afc - l)cfc + Xici + XjCj + AjCj . 


The required condition Mk+i > Mq > is equivalent to the two inequalities: 

• —Mk+i{wk+i — Wk, v) < (Afc — l)cfc + Xici + XjCj + XiCi, which holds true, since by ([9]) 


Ck, Cl, Cj , Ci — o{^Mk-\-\) , 


( 22 ) 


• —Mk{wk+i — Wk,v) > (Afc — l)ck + A/q + XjCj + AjCj, which via the substitution of Ck = 
Ck-i — Mk{wk — Wk-i,v) transfers into 


Mk{wk+i - Wk - {Xk - l){wk - Wk-i),v) > (Afc - l)cfc_i + Xici + XjCj + XiCi . (23) 


Since Ck-i,ci,Cj,Ci = o{Mk) by Q, we immediately get that A^ — 1 > 0 , that (fTSjl is 
snfficient for ([23l) . and that the opposite strict inequality in (fT 8 ]l contradicts (l23]l . At last, 
if the left-hand side of (f23]l vanishes, due to 


Ck-i = -Mk-i{wk-i - Wk- 2 , v) + o{Mk-i) < 0 , 


< Cl =-Mi{wi - wi_i,v) + o{Mi) < 0, 

Cj = —Mj{wj — Wj-i,v) -|- o{Mj) < 0 , 

we end up with condition (I19p . 

Suppose that m = k + 1 and n = k + 2. Plngging Ck +2 = Ck+i — Mk+i{wk +2 — Wk+i,v) and 
Ck+i = Ck — Mo(rofc+i — Wk,v) into (fT7P . we obtain 

(Afc+i - l)Mo{wk+i - Wk,v) - Mk+i{wk+2 - Wk+i,v) = (Afc+i - l)cfc A^q XjCj + XiCi . 

Observe that this yields A^+i — 1 > 0 in view of () 22 p . Furthermore, we again have to satisfy the 
inequalities Mk+i > Mq > Mk, which are equivalent to: 
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• (Afc+i - l)Mk{wk+i - Wk,v) - Mk+i{wk+2 - Wk+i,v) < (Afc+i - l)cfc + A/q + A^cj + AiQ, 
which always holds due to ([22]); and 

• - Wk) - {wk+ 2 -Wk+i),v) > (Afc+i-l)cfc + AiQ + AjCj + AiCi, which 
holds under condition (l20l) and fails under the opposite strict inequality in (1201) in view of 
(|2^ . Finally, if the left-hand side of (1201) vanishes, due to 

Ck = -Mk{wk - Wk-i,v) -h o(Mfc) < 0, 

< Cl = -Mi{wi - wi_i,v) + o{Mi) < 0 , 

Cj = —Mj{wj — Wj-i,v) -|- o{Mj) < 0 , 

we end up with condition (1211) . □ 


4. Multiplicities of singular tropical surfaces 

Now, given a singular tropical surface S G Sing*’’(A, a), we restore all singular algebraic sur¬ 
faces over K with Newton polytope A, passing through the a generic configuration p C 
Val(p) = X, and tropicalizing to S. In particular, we compute their number mt(S', ®). This number 
is finite due to the general position of the configuration p, but it may vanish as we see below, since 
the singular lifts of a tropical surface S G Sing*''(A,®) may avoid the configuration p. 

We follow the general patchworking procedure in the style of [U Chapter 2] or [17] . It amounts in 
the following: (i) the tropical surface S defines a toric degeneration of the toric three-fold Tore (A), 
namely, a family X —?■ (C,0) with a general fiber Torc(A) and the central fiber To splitting into 
the union of toric three-folds determined by the subdivison of A dual to S ; the point configuration 
p (defined over K) turns into the set of sections of the above family; (ii) using the configuration 
pQ C To we find suitable (reducible) algebraic surfaces Sq C To passing through Pq; (iii) finally, 
we extend each iSo to a family S —)• (C, 0) of singular algebraic surfaces inscribed into the family 
T —>■ (C,0) and containing the sections p, i.e., we obtain singular algebraic surfaces over the field 
K. tropicalizing to S and passing through p. Accordingly, we proceed in three steps: 

(1) In Section Hr] we describe the family T —)■ (C,0) and find suitable surfaces Sq C Tq 
(Lemmas 14.11 and 14.2p . 

(2) In Section [4.21 we find possible locations of tropical singular points in 5; this is crucial for 
the case of circuits of type C and E, for which the position of the tropical singular points 
is not determined uniquely iLemmas 14.41 and 14.51) . 

(3) In Section 14.31 we find the desired singular algebraic surfaces in the form of families S —)• 
(C,0) (Lemmas 14.61 [477114.81 and 14.9p : notice that the data collected in steps (1) and ( 2 ) 
do not determine the family S —)■ (C, 0) uniquely, so, we attach additional information (like 
the position of the singular point in Sq) which can be interpreted as an extra blowing up of 
T in order to obtain transversal conditions and finally apply the implicit function theorem; 
we point out that the real transversal conditions yield then a real solution. 

If Xi = {xii,Xi 2 ,Xi 3 ) then p^ = iPii,Pi2,Pi3), where pij = ^ij / 0 for all 

I <i < N, j = 1,2,3. We denote Ini(pJ = (i := (^* 1 , 62 , 63 ) and Ini(p) = ^ := ( 6 , 

Introduce also the following auxiliary notation. If the circuit Cs in the dual subdivision of S is 
of type A, we fix an affine automorphism $5 : —)• taking Cs to a canonical pentatope Ilp^g 

(see Section r3.4.3p . The discriminantal equation of a polynomial can be written in 

the form 

Denote the exponent of a coefficient in this equation by d{uj). 
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4.1. Enhanced singnlar tropical snrfaces. Let us be given a point configuration x G 
defined by ([3]), a generic point configuration p G ((IK*)^)'^ such that Val(p) = x, a tropical surface 
S G Sing*’^(A,®) and its defining tropical polynomial 

Fs{X) = max {cuj + {X,u)). (25) 

ujeAnz^ 

Denote by 1/5 : A —)• M the convex piecewise linear function Legendre dual to Fs, by S5 the 
subdivision of A dual to S, by Cs the circuit, and by Ps the corresponding lattice path (formed 
by the edges dual to the 2-faces of S containing the points of ®). Observe that vsi^) = —Cuj for all 
points w G A n 

Lemma 4.1. Any surface S G Sing(A) that tropicalizes to S is defined by a polynomial 

^s{Z)= Y. + , (26) 

where Z‘^ = , and 0{t^^) accumulates the terms containing t to a positive power, and 

7^ 0 for all io £ An Tl?. Furthermore, the (complex) polynomial 

Ini^^ipsfiZ) := Y 
oj^Cs 

has a singularity in (C*)^. 

Proof. We have to explain only the last claim. Viewing the surface S as an analytic equisingular 
family of singular complex surfaces (cf. |17l Section 2.3]), we obtain an induced family of singular 
points with the limit belonging to the big torus of Tore (<5) for some cell 6 of the subdivision S5 
(the cell dual to the face of S containing the tropical singular point). It is easy to see that, for any 
cell (5 / Conv(C'5) of S5, any (nonzero) polynomial has no singularities in (C*)^. 

Hence Ini^®((/?5) must have singularity in (C*)^. □ 

Lemma 4.2. If a polynomial <p{Z) of the form defines a surface in (K*)^ passing through 
the configuration p, and if the polynomial Ini‘^®((/9) has a singularity in (C*)^, then the point 
a := {a-uj)u}£Anz^ ^ p-^+i belongs to a finite set denoted by A{S,p). Furthermore, 

(i) IfCs is of type A, then 

• for Ps = Tk, we have |^(5,p)| = |(i(4>s(it)fc))l; 

• for Ps = Tk,k+i and Wk+i = maxCs, we have |7l(S',p)| = |(i(4>5(mfc+i))l; 

• for Ps = Lfc^fc+i and Wk +2 = maxCs, we have 

1^(5',p)| = \d{^s{'Wk+2)) +d(4>5(^t>fc+i))| • 

(a) IfCs is of type B, then |H(5,p)| = Volz(Conv(C'5)) when the tetrahedron Coirv{Cs) cannot 
be taken to Conv{(0,0,0), (1,0,0), (0,1,0), (3, 7, 20)} by an automorphism of (cf. [TOl 
Theorem 2]), and |H(S',p)| = iVolz(Conv(C5)) = 4 when the tetrahedron Conv(C'5) can be 
transformed to Conv{(0,0,0), (1,0,0), (0,1,0), (3, 7,20)} by an automorphism of 7?. 

(in) If Cs is of type C, then |H(S',p)| = 3 (the lattice area of Conv{Cs)). 

(iv) If Cs is of type D, then |H(5, p)| = 1. 

(v) If Cs is of type E, then |H(S', p)| = 1 or 2 according as Conv(C5) is an edge of the lattice 

path or not. 

Proof. We start by investigating the effect of the conditions imposed by the marked points Pj. 
Tropically, the marked point Xi,l < i < N lies on a 2-face T) of S dual to an edge E = , a;^] C Ps. 

In particular, 

b := Cojo + {xi,uj°) = c^i + {xi,uj^) > c^ + {xi,uj) for all w G A \ E , 
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and then the condition imposed by the marked point is 


0 = ^{Pi) = t (Ini®(v7)(^j) + 0(t>°)) , Ini®(v?)(Z) = ^ . 

The lattice length |^| of E is either 1 or 2. If \E\ = 1, we obtain 

• (27) 

If \E\ = 2, then Ini^((/?)(Z) has a singularity in (C*)^; hence it is a monomial multiplied by the 
square of a binomial, which then implies 


dcji — cXuio E 


ujo-uji _ r,„, ^{uio-uji)/2 


Oioj — 


a; = 


(28) 


It follows, in particular, that a is uniquely defined if Cs is of type E and Conv(C' 5 ) is an edge of 
the lattice path Ps- If Cs is of type E and Conv(C' 5 ) Ps, then we uniquely determine and 
Qfoji for the end points of Cs, and by Lemma ITT] obtain two values = ±2y/au)0 for 

the midpoint u of Cs, and hence two singular points of Ini^®(y?). Thus statement (v) is proved. 

Now consider other types of circuits. 

Suppose that Ps = Tk,k+i, 1 < k < N. As shown in Section IXil Cs must be of type A. Equations 
([77]) yield a G in the form 


(ciuio , ■■■, I ]v+i ) 1 

where {awQ, ■■■, “tofc) j •••) (^'wn+i) ^ uniquely defined generic point of and A / 0 is an 

unknown parameter, which one can compute from the discriminantal equation (I24p of the pentatope 
$ 5 (Conv(C' 5 )), obtaining |d($ 5 (mfc))| many solutions if w^+i = maxC^ and |d(<I> 5 (mfc+ 2 )) + 
(i(<h 5 (mfc_|_i))| many solutions if Wk +2 = maxC^. 

Suppose that P 5 = rfc,0<A:<A' + l. Then equations (iTTl) determine the (nonzero) values 
oj / Wk, up to proportionality. 

If Cs is of type A, we obtain |d(<I> 5 (mfc))| values for the coefficient a-wk from the discriminantal 
equation (IMl) of the pentatope <l> 5 (Conv(C 5 )). Thus (i) is proved. 

If Cs is of type B, then is the interior point of the tetrahedron Conv(C 5 ). After a suitable 
transformation of the lattice and a coordinate change, we obtain the equivalent question: How 
many values of o G C* are there such that the polynomial 

'ipix, y,z) = l + x + y + x^y ^+ ax* y^ z^ 
has a singularity in (C*)^, where 


(i, j, 1) = (3,3,4), (2, 2, 5), (2,4, 7), (2,6,11), (2, 7,13), (2,9,17), (2,13,19), or (3, 7, 20) 
and is the unique interior integral point of the tetrahedron 


Conv{(0,0,0),(l,0,0),(0,l,0),(i,j,0}? 


The system of equations 4’ = i’x = i’y = ^ reduces to 

X = X, y = y, z^ = V, a = pz~^ (29) 

with some nonzero constants A, p, u, p. In all cases except for {i,j, 1) = (3, 7, 20), we have gcd(Z', 1) = 
1, and hence I = Volz(Conv(C 5 )) solutions for a. In the remaining case {i,j,k) = (3,7,20), 
{i',j',l') = (1,2,5), and we obtain 4 = Volz(Conv(C' 5))/5 values for a. We obtain (ii). 

If Cs is of type C, then w^, is the interior point of the triangle Conv(C 5 ). Eor given 7 ^ 0 at 
the vertices uo of Conv(C 5 ), there are exactly Volz(Conv(C 5 )) = 3 values a^^., corresponding to 
singular polynomials Ini‘^((/ 95 ) (cf. [171 Lemma 3.5]). This yields (hi). 

If Cs is of type D, then is a vertex of the parallelogram Conv(C' 5 ). If m,, wj^wi are the other 
vertices of Conv{Cs), and wj is opposite to Wk, then the fact that Ini‘^®((/? 5 ) has a singularity in 
(C*)^ yields = Oi-widwiOiw], which defines uniquely. Thus statement (iv) is proved. □ 
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Remark 4.3. Observe that, in the case of the lattice path r^. fc+i and a circuit of type A containing 
the points Wk+i,Wk+ 2 , one may obtain an empty set A{S,p). 

We call the points a G A(S,p) enhancements of S, and the pairs {S,a) enhanced singular tropical 
surfaces. 

4.2. Singular points of tropical surfaces. By [101 Theorem 2], the position of a tropical singular 
point y G S' is defined uniquely whenever the circuit Cg is of type A, B, or D. For circuit types 
C and E there may be several possible positions for y. We will describe these possibilities via 
the geometry of Graph(i/ 5 ). Namely, to determine the position of y, it is enough to determine 
the translation of S which moves y to the origin. In turn, translations of S are in one-to-one 
correspondence with changes I's ^ + A, where A is any affine linear function. To move the 

singularity to the origin, we use m Lemma 10]. 

Without loss of generality, we assume that (cf. [ini Theorem 2]) 

^ ^ f{(l, 0,0), (2,1,0), (0,2,0), (1,1,0)}, if of type C, 

^ \ {(0,0,0), (0,0,1), (0,0, 2)1, if of type E. 

Lemma 4.4. Let Cs be of type (7, A' : A —)• M the unique affine linear function, depending only 
on X and y, which coincides with vg along Conv{Cs). Set v' = ug — A' and introduce the following 
convex piecewise linear function on the projection pr,j(A) of A to the z-axis: Set 

j —c!^ = mm{n'(co) : a; G A n Z^, pr^(a;) = mj, m G pr 2 (A) n Z \ (Oj, 

[-c(, > max{-c;„, m 0}, 

and then define a function Vz : pr 2 (A) ^ M, whose graph is the lower convex hull of 

Conv {(m, — c{^) : m G pr^(A) n Z} . 

Then the possible singular points y € S are in one-to-one correspondence with linear functions 
A" : A^ —)• M that vanish at the origin, are strictly less than Vz, and whose graph is parallel to an 
edge of Graph(r'^) which projects to one of the following segments: 

[-3,-1], [-3,1], [-3,3], [-1,1], [-1,3], [1,3]. (30) 

Proof. The statement follows from m Theorem 2 and Section 4.3]: According to the type 
of the weight class (see m Lemma 10]), we have to pick two points and in A n Z^ whose 
coefficients and €^^2 become equal and maximal among the cj G A n Z^ \ Cs after subtracting 
A' and A". Lemma 18 in |10] yields the restriction that these points have to be picked with lattice 
distance one or three to the circuit Cg- 

□ 


Lemma 4.5. Let Cs be of type E, A' : A —)• M the unique affine linear function, depending only on 
z, which coincides with vs along Comr{Cs). Set v' = us — A' and introduce the following convex 
piecewise linear function on the projection pr 2 , ,^(A) of A to the {x,y)-plane: Set 

f-Cm = : w G A n Z^, pr,, ^(a;) = mj, m G pr,^, ^(A) n Z^ \ (Oj, 

|-c(, > max{-c;„, m / 0}, 

and then define a function : pr^(A) —)• M, whose graph is the lower convex hull of 

Gonv {(m,-c^) : m G pr,, ^(A) n Z^} . 

Then the possible singular points y & S are in one-to-one correspondence with the linear functions 
A" : Ax^y —^ M that vanish at the origin, are strictly less than i'x,y, and whose graph 


ENUMERATION OF COMPLEX AND REAL SURFACES VIA TROPICAL GEOMETRY 


17 


(i) either is parallel to a triangular cell of Gr:aph{nx,y), whose projection to the {x,y)-plane 
coincides up to a "L-linear transformation with one of the triangles: 

Conv{(0,l), (1,0), (-1,-1)}, Conv{(0,l), (2, !),(-!,-1)1, 

< Conv{(0,l), (3, !),(-!,-1)1, Conv{(0,1), (3,1), (-3,-2)}, (31) 

Conv{(0,1),(4, l),(-2,-l)}, Conv{(-l,0),(0, l),(i,l)}, i > 1 . 

(a) or is parallel to an edge Ei of Gra.ph.{ux,y) o,nd to a chord E 2 joining two vertices of 
Graph(u,j„y) so that 

• projections of Ei,E 2 to the {x,y)-plane coincide up to a Z-linear transformation with 
the pair 

El = [(-1,0), (1,0)], E 2 = [(i,l),(j,-1)], i,jeZ, 

• and the following condition holds: 

0 < {Vx,y - A")|e^ < {^x,y “ E''){m) for all m S pr,^,y(A) n \ (Ei), 

{ux^y - A")|e 2 < {t^x,y - A")(m) for all m e pr,, ^(A) n \ (Span(Ei) U E 2 ) . 

Proof. The statement follows from |10l Theorem 2, Propositions 21 and 23, and Section 4.6]: 
According to the type of the weight class (see cni Lemma 10]), we have to pick either three points 
u'-, u!^ and cj® in A n Z^ whose coefficients c^ii , Cuj 2 and c^s become equal and maximal among the 
cj G A n Z^ \ Cs after subtracting A' and A", or two pairs of points. 

Let us first discuss the case of three points. Proposition 21 and Figure 17 in [TO] classify the 
possibilities up to Z-linear transformation for the projections pr^ y of the points and 

under the assumption that there is no plane through Cg such that they lie on the same side of this 
plane. This yields the hrst 5 possibilities of (|3T]) . The last case of (fMI) is obtained if the points 
cji, cj® lie on the same side of a plane through Cg following cni Proposition 23]. Notice 

that the cases specified in m Proposition 23(b,c)] are not relevant. Indeed, otherwise the function 
nx^y must be linear along a segment containing at least three integral points. However this would 
yield that the values of ly' at some three points Wi,Wj,wi outside Cs are dependent with integral 
coefficients which is impossible due to the general choice of the values of ly' at these points (this 
generality results from formulas ([4]) and the generic choice of the parameters Mj in ([3])). 

The case of a weight class with two pairs of points follows from cni Section 4.6]. 

Notice that every choice of A" as described in the statement indeed yields a shift of S with a 
tropically singular point at 0: the vertices of the triangles or pair of edges as specified above must 
satisfy certain arithmetic conditions (see |10l Propositions 21 and 23, and Section 4.6]). We claim 
that these conditions are always satisfied. Indeed, these arithmetic restrictions geometrically mean 
that the convex hull of the union of Cg with the above points uj does not contain extra integral 
points. However, if there were such an integral point, it would correspond to a vertex of Graph(u 5 ), 
and this would break either the condition that Vx^y is linear over the spoken triangle or edges, or 
that A" is strictly less than i^x^y □ 

4.3. Patchworking singular algebraic surfaces. We will now see how given enhancements a 
can be lifted to equations of algebraic surfaces in Sing(A,p, S) using patchworking techniques. We 
start with the most difficult case, namely circuits of type E. 

Lemma 4.6. Let S G Sing*''(A, ®) have a circuit Cs of type E, and Cs = {(0, 0,0), (0,0,1), (0, 0, 2)}. 

(1) Suppose that a tropical singular point y £ S is associated with a triangle (5 C 

from the list as specified in Lemma Then there exist precisely 2 • Volz (5) surfaces 

S G Sing(A,p, (S') that have a singular point tropicalizing to y. 

(2) Suppose that a tropical singular point y G S is associated with a pair of edges Ei,E 2 as 
specified in Lemma \4.^ ii). Then there exist precisely 8 surfaces S G Sing(A,p, 5) that have a 
singular point tropicalizing to y. 
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Proof. In both cases the lattice path is P 5 = r^. for some 1 < A; < A^. Furthermore, we have 
the following options: 

(i) either the segment Conv(C' 5 ) is a part of the lattice path F^, and its dual 2-face of S 
contains a marked point = (A,//,0), where we can suppose that A,are generic in the 
sense of ([Ml); 

(ii) or Conv(C 5 ) is not an edge of F^. 

Step 1. Consider the possibility (i). Then the enhancement a is uniquely restored from formulas 
(|77li and (|28]l . when we set uj° = (0,0,2). We have 

— ^3 ~ 200012:3 + oooo + 0 (jt 

ujeAnz3\Cs 

with —Cuj > 0 for all a; € A n \ Cs and Val(aa;) = 0 for all uj, and we have 

A n = {too,.. .,wjv+i} 


with 

Cs = {wk-i = (0,0,2),Wk 

We intend to solve the system of equations 


^’siPi) = 0, i = l ,..., N, (ps(g) 


(0,0,l),Wk+i = (0,0,0)}. 


d^fs. , d<fs. . 

■( 9 ) = -ir-(g) 


dx 


dy 


d^s 

dz 


{q)=0 


with respect to the variables oooi, aooo, a^j, cz G A n \ Cs, and the coordinates 21,22,23 of the 
singular point q with the aid of the implicit function theorem. 

Recall that, in the framework of Lemma 14.51 y = Val(q) is the origin, i. e. Val( 2 j) = 0, and let 
Ini(q) = {zio, Z 20 , Z 30 ). Indeed, 230 = 1, which follows from the equation ips{q) = 0 and (l32]) . 

(1) In the first case, let 6 = Conv{(ii, ji), {i 2 ,j 2 ), (* 3 ) jA)}- There exist uniquely defined h, l 2 ,h S 
Z such that, in the notation of Lemma 14.51 


{ir, jr,lr') G A and jr} — ^ i^r, jr, C), T — 1) 2, 3 . 

Then by formula (1321) we have 

Crjrlr — S 

for r = 1, 2, 3 and all other a; 0 {a;i = 012 = 0}. The equations 

=(‘-t^) =0 

V 9 zi ) j_g ,,3=232 V ^-22 / ^_Q 2,3—232 

yield that the coordinates 210 , 2:20 of Ini(g) = ( 210 , 220 , 2 : 30 ) correspond to critical points in (C*)^ of 
the polynomial 

3 

< 3 ( 2 : 1 , 22 ) =^<^irjrlrZl ziC 

r=l 

which gives us Yolz{S) solutions ( 210 , 220 ) as possible initial values for q in total. 

In order to apply the implicit function theorem we have to replace the equation ips{q) = 0 by 
two possible other equations, since it is unsuitable itself being of degree two in 23. We now hrst 
want to derive these new equations. For that we consider the equation ips{Pk) = 0) 


1 - 20001 + aooo + Y. = g, 

tjGAnz3\Cs 

together with ^^{q) = 0, 

223 - 2 aooi + atjt“'^“W32)^^22^23®“^ = 0 . 

a;GAnZ3\Cs 
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The equations lead to 


I ^ \ ^ I— Cuj ^1 ^2 — 1 

0001 = 23 + 2' 2^ “a; 3 z/z 2 ^3 

t*;GAnZ3\Cs 


and 

aooo = -1 + 2z 3 + ^ - t-c^+A-i+/.-2), 

aJGAnZ3\Cs 

Plugging these equations into ([3^ and reorganizing the terms we get 

(Z3 - 1)' = • (Z'" - ^ 

a;GAnZ3\Cs 

and taking square roots we get two equations 


'0± = Z3-1± / ^ • (Z^ - tA^i+A“^2 + (23 _ 1) . ^ Q 


y a;GAnZ3\Cs 

to replace ^sio) = 0 with. 

We now consider the polynomial map T, that maps 


C (^? ^ W \ ? • • • ; ^Wh — 2 i 2l; 22, 23 ? , . . . , Ot(jjY+l ) 


(33) 


to 


t ^Vs(Pi),---,i ^''■Vs(Pfc-i)T 




dzi 


dzo 


dzH 




where s, = Yal{ips{Pi))- Note, that the initial valnes give a zero 


Co (II 5 D-I/Jl ; • • • ; ^'Wj^_2 5 2l0 7 220 7 230 7 7***7 ) 

of 'll. We assume that the values A and are generic in the sense that 

— C(j' + AtO]^ + /lt02 7^ —Cij + AtOl + /lt02 7^ —C^j' (3'^) 

whenever to 7 ^ toC This ensures that the term under the square root in -0^- is non-zero, if we evaluate 
it at (a^^,..., zio, 2207 2307««)fc! ■ ■ ■so that is analytic locally in (o* Moreover, 

computing derivatives in (f33]l we get 

dTp± Y.uj£Anz3\Cs ^ + (23 - l)w3(a;3 - l)z'^^Z 2 ^z'^^ 

-(Co) = 1 ± - , —— = 1 

VS-eAnz3\Cs + (^3 - 1) • u^zX^z^^z^^-^) 

and all other derivatives of vanish at Co 7 since due to the genericity assumption on A and /i 
the valuation of the denominator in the fraction is at most half the valuation of the numerator. 
Similar computations for the other component functions of 'll lead to the following Jacobian of T 
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with respect to all variables but t evaluated at Coi 


/ ^^0 

c'^k -2 

^k-l Sfc l 

\ 

* . ^ 

^(Co) 

sr(co) 

* 



* 

^ . ^ 

4 Sr(*) 

^(Co) 

* 







1 







2 

-2 







-2 

1 

^fc-|-l ‘^fc-l-1 


V 





^N -1 

SAT-l / 


where all missing entries are zero and the stars denote possibly non-zero entries. Since the critical 
point ( 2 : 10 ,- 220 ) of Q is non-degenerate the Hessian in the middle block has a non-vanishing deter¬ 
minant and thus the determinant of the Jacobian does not vanish. Applying the implicit function 
theorem we get in each of the two cases ip- and ip^ a unique solution, and since we have Volz(J) 
choices for {ziq, Z 20 ) we end up with 2-Volz(J) algebraic surfaces S G Sing(A,p, S) having a singular 
point q with Trop(g) = y. 

(2) The second case works along the same lines. With the notation of Lemma 14.51 the relations 

(-1,0, ^i), (1, 0, ^2), (i, 1, ^3), (j,-1, ^4) G A n 

Vx,y{i, 1) = 1, h), ^x,y{j, -1) = -1, I 4 ) 

uniquely determine integers h, 12 , 13,14 and valuations S 2 > si > 0, such that 


for all other a; G A H of the form ui = (i, 0, /) and such that 


^2 ^ ^UJ 

for all remaining u 0 {u 2 = 0}. Defining 

Qi{zi,z^) = zip + < 52 ( 21 , 22 ,^ 3 ) = oii,i,hz\z2z’p + aj^i^^zlzp^z^* , 

the critical points of Qi and Q 2 respectively determine the possible pairs ( 210 , 220 ) for Ini(q) = 
( 210 , 220 ,1) via the equations 



d‘fs \ 

dzj 


( 210 , 220 ,1) 

1=0 


They are thus the solutions of the system 




( 210 , 220 ,1) = 0. 


l,0,q2]^Q -|- — 0 ^ 1 , 1 ,Z 32 j^q Q:j^_l^q2jg22Q — 0 , (35) 

from which we get 4 solutions ( 210 , 220 ) G (C*)^. Replacing the equations and in case 

(1) by and we can continue as in case (1) and find 8 surfaces S G Sing(A,p, 5) 

having a singular point q tropicalizing to y. 

Step 2. In the situation (ii), the above argument appears to be rather simpler. Note that the 
equations ^s{Pi) = 0, i = 1, and the condition = (0,0,2) uniquely determine the values 

for all uj / Wk- For uj = w^, we obtain two values 


O-wk — 


<aooi — =tv<aooo 


(36) 
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(cf. Lemma r4.ip . and respectively z^q = —ceooi- Independently of the choice of aooi, we obtain 
Volz(5) pairs (210,-^20) in the case (1), or 4 pairs (-210,2:20) in the case (2). The application of the 
implicit function theorem reduces to the computation of the Jacobian at t = 0 for the system 




dz: 


dzi 


dzo 


in the case (1), or the system 




■(9) =t~ 


(g) = 0 


dz^ dzi dz2 

in the case (2). The nondegeneracy of these Jacobians is straightforward. 


(37) 


□ 


Lemma 4.7. Let S G Sing*'’(A, a;), and let the circuit Cg in the subdivision dual to S he of type A 
or B as in Figure [I]. Then 

(i) if Cg is not Z-affine equivalent to {(0,0,0), (1,0,0), (0,1,0), (3, 7, 20)}, then, for any point 
a € A(S,p), (see Lemma \4T^ ) there exists a unique algebraic surface S € Sing(A,p, iS); 

(a) ifCg is Z-ajfine equivalent to {{0,0,0), {1,0,0), (0,1,0), {3, 7,20)}, then, for any point a G 
A{S,p), there exist 5 algebraic surfaces S G Sing(A,p, 5) matching the enhancement a. 


Proof. The required statement can again be viewed as a patchworking theorem, and it follows 
from a suitable version of the implicit function theorem. Namely, we look for polynomials 

q^s{Z)= 

weAnzs 

(cf. formula (j26l) L where a^jo = 1 for some vertex oj° of the subdivision Zg, and the remaining 
coefficients + O{t^0) are obtained from the conditions to pass through p and to have a 

singular point q with Ini(q) = 2:, a singular point of liAp^{(ps){Z) = YluieCs ™ (C*)^. At 

t = 0 these conditions turn into the system of equations ([27)1 in the coefficients a^o, oj ^ oj° , and 
the discriminantal equation for the circuit Cg. 

In the case (i), if the lattice path is Tfc for some k, the Jacobian of the above system at t = 0 is 
a (suitably arranged) lower triangular matrix with the nonzero entries from (I27p and the discrim- 
inantal equation for the circuit. If the lattice path is T^ ^+1, we obtain a matrix whose column 
corresponding to has only one nonzero entry, and is (suitably arranged) lower triangular after 

erasing this column and the corresponding row. 

In the case (ii), without loss of generality suppose that 

Cg = {(0,0,0), (1,0,0), (0,1,0), (3, 7,20), (1,2,5)} . 

Any singular complex polynomial Ini^®((/J5) supported at Cg has 5 singular points in (C*)^, ob¬ 
tained from each other by the Zs-action ,2 i-A z£, = 1. Each singular point ,2 G (C*)^ of Ini‘^®((^5) 

is an ordinary node, in particular, 

det(Hessian(Ini‘^‘® (<^5))(,2)) 7^0 . (38) 


Then we consider the system of equations in the coefficients a^, uj co°, of the sought polynomial 
tps and the coordinates Zi, i = 1,2, 3, of the singular point, where Zi = ,2j(0)-|-O(t^'^). The equations 
induced by the conditions S Dp and 


ips{zi,Z2,Zs) 


d^s 

dzi 


{zi,Z2,Z3) = 0, i = 1,2,3 , 


(39) 


and this system has a unique solution, since its Jacobian at t = 0 does not vanish: 

• the block coming from the conditions ips{pj) = 0, i = 1,...,N, is the Jacobian of the 
nondegenerate linear system (l27|l . 

• for the block coming from the system (I39p . the nondegeneracy follows from ()38p . □ 









22 


HANNAH MARKWIG, THOMAS MARKWIG, AND EUGENII SHUSTIN 


Lemma 4.8. Let S G Sing*'''(A, Cs be of type C. Let us be given an enhancement a G A{S,x) 
and a tropical singular point y G S associated with a segment a = [m, n] as specified in Lemma 
\4.4\ formula [W\} . Then there are {n — m) algebraic surfaces S G Sing(A,p, 5), matching the given 
data a and y. 

Proof. Without loss of generality we can suppose that the lattice path Ps = the left out 
point Wk is (1,1,0), the circuit is Cs = {(1,0,0), (2,1,0), (0, 2,0), (1,1,0)}, the tropical singular 
point \s y = (0,0,0), and the sought polynomial takes form (cf. [IHl Theorem 2(b.l)]) 

ifs = ^ aijQz\zl + ^ 0(t>°) • z\zl 

( 2 ,j, 0 )eA\Cs 

+P p 0'i2j2nZ^l ^2^ P 0{t^^), 

where s > 0, and 

Oioo = Ij 0210 = «210 + 0 (t^°), 0020 = «020 + 0 { t ^^), Ono = OllO + 0 (P°), 


dp 


The equations 


(¥^s)t=o(2^10, ^20; ^3o) 


dzj 

dTs \ 

dz2) 


{zio, Z20, 230) 

1=0 

(2^10, 2^20) ^30) 

1=0 



(^10, 220,230) — 0 

1=0 


for (2:10,220,230) = Ini(q), q being a singular point of the sought surface S G Sing(A,p, S'), give a 
unique solution (2:10,220) for the singularity of Ini^®((/J5) in (C*)^, and the last equation, 


777 (y • • Z^^ Z^ ^ -I- 710 / ' • z^’^ z^^ z'^ ^ — 0 


( 40 ) 


yields (n — m) nonzero solutions for 2:30. 

We claim that each solution induces a unique surface S G Sing(A,p, S) matching the require¬ 
ments of Lemma. Indeed, the implicit function theorem applies: the system 


¥^5(^1) = 0, i = l,...,A, 


linearizes into the nondegenerate linear system ( 1271 ) with respect to the variables , a; G A n \ 
{( 1 , 0 , 0 ), ( 1 , 1 , 0 )}, and the Jacobian evaluated at t = 0 for the system 


, . dips, . dips, , .-s^TS, , n 

*=»(?) = ^(?) = ^(?) = t ^(?) = o 

with respect to ono and the coordinates of q takes form of a lower block-triangular matrix 


210220 


0 

Hessian(Ini'^'S (</?))(2:10, Z20) 
* 


■ ) 

Q^^(2io, 220, 230)/ 


where Q = ai^j^rnz\^ z^^ z^ + ai2j2nz\^ z^^z^. The nondegeneracy of this matrix (coming particularly 
from the fact that (2:10, 2:20) is an ordinary node of Ini‘^®(y?) and that the nonzero roots 2:30 of (| 70 ]) 
are simple) completes the proof. □ 


Lemma 4 . 9 . Let S G Sing*'^(A, x), Cs be of type D. Then there are two surfaces S G Sing(A,p, S). 
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Proof. Without loss of generality we can suppose that the lattice path P5 = the left out 
point Wk is the origin, the circuit is Cs = {(0,0,0), (1,0,0), (0,1,0), (1,1,0)}, the unique tropical 
singular point is y = (0,0,0), and the sought polynomial takes the form (cf. [101 Theorem 2(b.2)]) 

^{zi,Z2,Z3) = ziZ2 + aiooit)zi+aoio{t)z2 + aooo{t) + E 0{t>°) • 

(u,v,0)gA\Cs 

+f{aiji{t)z{zlz3 + am,n-i{t)z'^y'^z^^) + , 

where s > 0, and 

oioo(i) = «ioo + aoio(t) = aoio + 0(t^°), aooo(i) = «ooo + , 

= aiji + 0(P°), am,n-i{t) = am,n-i + 0(t^°) . 

A possible singular point of a sought surface S G Sing(A,p, S) should he q = (zio + Z 20 + 

0 {t>^),Z 3 o + 0(t>°)), where (210,^20,2^30) are found from the system = 

(^~^^)li=o ~ which reduces to 

ciooo = aioo«oio, zio = —ctoio, Z 20 = —aioo, “ 'am,n,-125^2^20^30^ ~ 0 

Thus, we get two solutions (210,220,230), and we claim that each of them induces a unique algebraic 
surface S G Sing(A,p, S). Again we apply the implicit function theorem to the system of equations 

<f(pJ =0, i = l ,..., N, ip{q) = ^(q) = 1^(9) = ° 

in the coordinates of q and the coefficients to G AnZ^\{(l,l,0)}. Similarly to the proof of 
Lemma 14.71 the Jacobian, evaluated at t = 0, splits into a block coming from the nondegenerate 
linear system (j27p and a block coming from the last four equations in (j42p : 

/I 0 0 0 \ 

0 aioo 0 0 

0 0 ctoio 0 

\0 * * 2am,,n,—l2jlQ22o23g j 

that is nondegenerate too. □ 

5 . Real singular surfaces in real pencils 

Combining the lattice path algorithm from Section [3] with the patchworking construction from 
Section [4.31 one makes formula ([2]) for the degree of the discriminant very explicit. Having this in 
mind, we address Problem 12.H 3) and give a lower bound for the maximal number of real singular 
surfaces occurring in a generic real pencil in the linear system \C/s\ (we call a pencil generic if it 
contains only finitely many surfaces with singularity in (K*)^). 

Theorem 5.1. For any d > 2 there exists a generie real pencil of surfaces of degree d in that 
eontains at least {2>/2)d? + 0{df‘) real singular surfaces. 

It follows from [H Corollary 6.5], that degSing((iA) = 4Volz(A)-(i^+0((i^) for any nondegenerate 
lattice polytope A. Hence, the lower bound of Theorem 15.II is asymptotically comparable with the 
total number of (complex) singular surfaces in the pencil. 

Moreover, for an arbitrary nondegenerate convex lattice polytope A C set 

a(A) = maxjA > 0 ; there exist M G GL{3, Z) and u G such that AMAf + u C A} . (43) 

Here, A^ denotes the simplex in with vertices (0,0,0), (d, 0,0), (0,d, 0) and (0,0, d). 

Theorem 5.2. For an arbitrary nondegenerate convex lattice polytope A and any integer d > 1, 
there exists a generic pencil of real surfaces in (C*)^ with Newton polytope dA that contains at least 
(3/2)a(A)^d^ + o(d^) real singular surfaces. 
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This lower bound is asymptotically comparable with the degree of the discriminant too. 

We prove Theorem 15.11 in Sections 15.1115.51 We start with defining suitable initial data for the 
lattice path algorithm and the patchworking construction, and then compute the contribution of 
singular tropical surfaces with circuits of type A, D, and E to the number of real singular surfaces 
over the field Kr in the corresponding pencil. By the Tarski principle, this is equivalent to the 
same statement over M. 

The proof of Theorem l5.2l is presented in Section [5^ It is based on the patchworking construction 
in the sense of m- 


5.1. The choice of initial data. Denote 


AS = Conv{(0,...,0),(d,0,...,0),(0,d,0,...,0),...,(0,...,0,d)} CM" . 

Fix the line L C M^ passing through the origin and directed by the vector v = (l,e,e^) with a 
sufficiently small rational e > 0. It then defines the following order on n = {wj^ : k = 
0,..., A + 1}: 




✓ 

either 

i < z'. 


Wk = {i,j,l) ^ Wk'= {ij'y') <S= 

=4> < 

or 

i = i', j < f, 

(44) 



or 

V. 

V 

II 

II 

•(>» 



We shall use also the induced order 


(bj) M (*',/) 


{ either 
or 


i < f', 

i = j < f- 


(45) 


Pick N points xi, S L satisfying ([3]), and introduce the configuration p C (IK*)^ of N points 

such that 


Pi = {t ^‘3)^ where Xi = {xii,Xi 2 ,Xi 3 ), i = l,...,N . 


(46) 


Lemma 5.3. Let S € Sing*’’(A)), a;) correspond to a lattice path T^ for some k = 1, ...,N + 1, and 
let S € Sing(A)),p, S') be given by 


where 

Then 


T{zuZ2,Z‘i) = ^ aiji{t)z\zl^zl = 0 , 


a^oo = 1, aw = + 0(t^°)), w e (IZ^ . 


a. 


(-ly, ifl<r<k, 

(-ly+y ifk<r<N + l. 


Proof. The claim immediately follows from the equations g^ipr) = 0, r = 1, ..., A, and formulas 

(USD. □ 


5.2. Contribution of singular tropical surfaces with circuit of type A. 

Lemma 5.4. Let = {i,d — i, 0) with 0 < i < d. Then, for any 5-tuple 

Q'j,i = {ihd-i,0), {i,d-i - 1,1), (z + l,i,0), (z + 1, j - 1,/), (z + 1, j - 1,/ + 1)} C A 

j > 0, I > 2, j-\-l<d — i — 1, 


3 

d 


and for any 5-tuple 

Q"j,i = {(bc^- bO), {i,d-i - 1,1), (z + l,j,0, {i + + 1), {f + 1, j - l,d-i- j)} d Al , 

J > 0, ^ > 0, j-\-l<d — i — 2, 
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there exists a unique tropical surface S G Sing*''(Aj^, matching the lattice path (see Lemma 
\S.Sfl and having the circuit Cs = Q'j u resp. Cg = Q'j i of type A. Each of the above surfaces S lifts 
to one real algebraic surface S G Sing(A,p, 5). 

Proof. Observe that each pentatope Coiw{Qj or Conv((5''^) is Z-afhne equivalent to some Hpq 
dehned in (fTOl) . Furthermore, the last (in the sense of order (jM])) point of Q'- ^ is = (i + 1, j, 0), 
and the last point of Q'-^ is = (i + l,j, / + 1), and the point is intermediate in both cases. 
Furthermore, one can see that the intersection of Conv(Q' ;) with Conv{m<j : 0 < s < n', s 7^ A:} 
is a common 2-face Conv{(i, d — i — 1,1), {i + l,j — 1, 1), {i + 1, j — 1,1 + 1)}, and the intersection 
of Conv(Q";) with Convjms : 0 < s < n", s 7^ A:} is a common 2-face Conv{(i, d — i — l,l),{i + 
l,j, 1), {i + l,j — l,d — i — j)}. Furthermore, for the points of Q'- ^ we have the relation 

Wk = {i,d- z,0) = {i + l,i,0) - I- {i + 1, j - 1,1) + {I - 1) ■ {i + l,j - 1,1 + 1) + {i,d - i - 1,1) , 

while for the point of Q", 

Wk = ii,d - i,0) = {d - 1 - i - j - 1) ■ {i + l,j,l + 1) - {d - 2 - i - j - 1) ■ {i + l,j,l) 

-(* + -l,d-i-j) + {i,d-i-l,l) , 

which in both cases yields, first, that > 0 (in the notation of Lemma 13.131) and, second, that 
|2l(S',p)| = 1 for each of the considered singular tropical surfaces S (in the notation of Lemma [4.2p . 
The latter relation yields that the (unique) algebraic surface S G Sing(A^,p, 5) is real. □ 

It is not difficult to show that no other surfaces S G Sing*’^(A^, with a pentatopal circuit are 

possible: the use of other lattice paths necessarily leads to a pair of parallel edges in the pentatope, 
which is forbidden for pentatopes IIp^. 

Corollary 5.5. There are at least ^d^ + 0{d‘^) real algebraic surfaces S G Sing(A^,p) that tropi¬ 
calize to surfaces S G Sing*''(A)), a;) with a circuit of type A. 

5.3. Contribution of singular tropical surfaces with circuit of type D. 

Lemma 5.6. (1) Let Wk = (*,J, 0) with i>0,0<j<d — i. Then, for any quadruple 

Qi = {{i,j,0), ii,j,l), {i,j-l,l), {i,j -1,1 + 1)} C Al, I = 0,...,d-i-j, 

there exists a unique tropical surface S G Sing*'^(A^, matching the lattice path F^. (see Lemma 
1 .9. Up and having the circuit Cs = Qi of type D. 

(2) Let Wk = {i,j, d — i — j) with i>0, 0<j<d — i. Then, for any quadruple 

Qi = {{i,j,d-i-j), {i,j,d-i-j-l), {i,j + l,l), {i, j + 1,1 + 1)} C A^^, I = 0, ...,d - i - j -2, 

there exists a unique tropical surface S G Sing*'^(A^, matching the lattice path F^ and having the 
circuit Cs = Qi of type D. 

(3) Let Wk = (i,0,0) with 0 < i < d. Then, for any quadruple 

Qjl = {(*>0,0), (i,0,1), {i-l,j,l), {i-l,j,l + l)} C A^ , 
l = 0,...,d-i-j-1, j = l,...,d-i , 

there exists a unique tropical surface S G Sing*''(A^, ®) matching the lattice path F^ and having the 
circuit Cs = Qj,i of type D. 

(4) Each of the above surfaces S satisfies mt(S', ®) = 2. Both singular algebraic surfaces S G 
Sing(A^,p, S') are real or imaginary depending on 

• ^{3{d — i) + 2 + 2j + 2l){d — i + 1) = 1 or 0 modulo 2, in case (1), 

• — i + ‘2 + 2,l){d — i + 1) = 1 or 0 modulo 2, in case (2), 

• d — i — j = 0 or 1 modulo 2, in case (3). 
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Proof. In view of Lemmas 13.91 and 13.101 to prove claims (l)-(3) one has to only show that 
the quadruple Qi, resp. Qj^i spans a parallelogram of lattice area 2 not contained in dA^, which 
intersects with Convjmo,..., along one of its edges, and that the point is intermediate in 

Qi, resp. Qj^i along the order (HOl) . The relation mt(5,«) = 2 follows from Lemma 031 We decide 
on the reality of surfaces S G Sing(Aj^,p, S) analysing each of the cases (1), (2), and (3) separately. 

In case (1), by construction, the circuit Qi is a base of two pyramids in the dual to S subdivision 
of A^: one with the vertex w' = {i — l,d — i + 1,0), and the other with the vertex w" = (f + 1,0,0). 
The surfaces S G Sing(Aj^,p, S') are real if and only if the system (I4ip has two real solutions. In 
the considered situation, this systems turns to be as follows. The lattice path takes — — 

i + l + d — i + 1— j + 2) + l + l steps from w' to {i, j — 1, 1) and ^■j-{d — i + l + d — i + 1— j + l) + 2 
steps to {i,j, 1). Hence from Lemma [T3l we get (taking only the signs into account, i.e. reducing 
the number of steps mod 2 to simplify computations) 

{d — i + l){d — i + 2) 


—1,Z — 1,1+1 — ( f) ^ijl — ( 


•2 

Ai = I + 1 + {d — i){j + 1) + ^ ^ \ X 2 = {d — i)j + -—+ 1, A3 = 


f + j 


2 ' . 2 ' ’ 2 

Then system ()4ip takes the form (without bringing the circuit to the canonical square shape) 

^30 = 1, ^20 = (-l)^2-^b (-1)^^4 + 4”'+^ = 0 , 

and it has two solutions that are real iff (_i)A+(rf-*+i)(A2-Ai) _ 

(3(d - i) + 2 + 2j + 2l){d - i + 1) ^ ^ ^ 

2 “ 

Similarly, in case (2) we again have w' = (z — 1, d — i + 1,0), w" = (z + 1,0,0), 

^■w' — — l — ( 1) — ( 1) — ( 1) i 

Xi — [d — i){j + 1) H-^—, A2 — Z + 1 + (d — ^)(J + 1) H-^—, A3 —-^- 

Respectively, system (j4ip takes the form 

^30 = 1, ^20 = (-i)^=-^i+s (-1)^^4 + 4“'^' = 0 , 

and it has two real solutions that are real iff (_i)A3+(A2-Ai+i)(d-j+i) _ j 

(d — i + l)(d — i + 2 + 21) 

-= 1 mod 2 . 

2 

Finally, in case (3) we get w' = {i — 1, j — 1, d — i — j + 2), w” = (i — 1, j + 1,0), 

= a, = (-l)^V, am = (-l)^V, = (-l)^V , 

\ ; , 1 X (d-i-j + l)(d-i-j) ^ J • • , n 

Ai — / + 1, A2 —- - - 5 A 3 — a — I — J -\- 2 . 


System (1411) takes the form 

Z30 = l, (-1)^2 zio + (-4^+^4 = 0> 1 + (-144 = 0, 

and it has two solutions that are real iff (—1)'^^ = —1, i.e., 

d — f — j + l = l mod 2 . 


□ 


Corollary 5.7. There are at least ^d^ + 0{d^) real algebraic surfaces S G Sing(A^,p) that tropi¬ 
calize to surfaces S G Sing*'''(A)),«) with a circuit of type D. 
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Proof. We will verify that in each of the cases (1), (2), and (3) of Lemma I A. 71 {l/12)d^ + 0{cP‘) 
singular tropical surfaces lift to pairs of real singular algebraic surfaces, and (l/12)d^ + 0{d?) 
singular surfaces lift to pairs of complex conjugate singular algebraic surfaces. Then we apply 
statement (4) of Lemma [A.7I For example, in case (1), we should study the parity of the expression 
A = ^(3((i — i) + 2 + 2j + 2l){d — i + 1) in the set 

A = {z > 0, 0 < j < d — i, 0<l<d — i — j}. 

If d — z is odd, then A = ^{d — z + 1), and hence, for z = d + 1 mod 4, we get A = 0 mod 2, and 

for z = d — 1 mod 4, we get A = 1 mod 2. If d — z is even, then A = ^(3(d — z) + 2 + 2j + 21) 

mod 2, and hence, for j + / = |(d — z) + 1 mod 2, we get A = 0 mod 2, and for j + / = |(d — z) 

mod 2, we get A = I mod 2. Thus for half of the lattice points we have A = 1 mod 2 and for the 

rest A = 0 mod 2. Counting lattice points in A, we obtain (I/12)d^ +0(d^) points giving singular 
tropical surfaces that lift to two real singular surfaces each. The cases (2) and (3) are considered 
in the same manner. □ 


5.4. Contribution of singular tropical surfaces with circuit of type E. 

Lemma 5.8. Let = (z, j, d — i — j) with j > 0 and i + j < d — 1. Then there exists a unique 
tropical surface S G Sing*''(A^, matching the lattice path T^ and the circuit Cs = {{i,j — l,d — 
i — j + 1), {i,j, d — i — j), {i,j + l,d — i — j — 1)} of type E. Furthermore, mt(S', = 2(d — z — 1), 
and all algebraic surfaces S G Sing(A^,p, are real. 

Proof. The edges of the lattice path T^ avoid the point w^. By Lemma 13.71 the unique smooth 
subdivision of A^ induced by the lattice path T^ defines a tropical surface S with a circuit Cs of 
type E as indicated in the assertion. By Lemma l4.2r v). the set of enhancements A(S,p) contains 
two elements. We claim that they both are real. Indeed, denoting the endpoints of the circuit by 

w' = ii,j - l,d-i-j + 1)), w" = {i,j + l,d-i - j -1) , 

and setting a^' = 1, we obtain from Lemma 15.31 that a^" = (—= 1, and hence by 
formula (|36l) both values of are real. 

To allocate the singular points of the tropical surface S, we consider the projection —)• 

onto the {x, z/)-plane parallel to the vector a = (0,1, —1). The point pTf, y{Cs) = (f, d—i) belongs 
to i9A^, and hence the situation of Lemma ITSl iil is not possible. Set 6o = ^s{i-,j — ^-,d — i — j + 1) 
and bi = ns{i,j + — i — j — 1), and note that 

0 < < 6o < fei < T^s{i"c"X) when {i',j' + I') <{i,d-i) < {i",j" + I") ■ (47) 

The suitably modified construction of Lemma 14.51 yields A'(z/) = {y — j) + ^ that the 

graph of the function is the lower convex hull of the set of points (w, —c'^), uj G A^ n \ 
{(z, d — z)}, where due to (l5l]l we have 

- ^(/ -i) - if ii',f) A (z,j) 

+ 1,/ - j - 1) - 6i, if z' = z, j < f <d- z, 

+ ifz'>z. 

One can see that all the points (w, —cf^), w G A^ n \ {(z,d — z)}, are vertices of the graph of 
iyx,y, and that the subdivision of A^ induced by Vx^y is a smooth triangulation built on the lattice 
path, which goes through the points w G A^ 0 Z^ \ {(z, d — z)} in the order (l50l) . This subdivision 
contains the triangles Tji = Conv{(z, d — z — 1), (z +1, j'), (z +1, j' +1)}, 0 < j' < d — i —2, satisfying 
the conditions of Lemma l4.5l iL Moreover, the functions A" : A^ —^ M, linearly extending nx^y\j, 














28 


HANNAH MARKWIG, THOMAS MARKWIG, AND EUGENII SHUSTIN 


satisfy 

A"(f, d — i) = 

= I'sihj + '^,d-i- j -2) + Vs{i + 1,0,/ + 1) - vs{i + 1,0,/) - hi 
= z^5(z + 1,0,/ + 1) + o{vs{i + 1,0,/ + 1)) > 0; 
if j < d — i — 1; if j = d — i — 1, we obtain 
A"(i, d- i) = ~ 

= i - 1,0) + i^sii + 1,0,/ + 1) - i^sii + 1,0,/) - 

= J^sii + 1,0,/ + 1) + o{us{i + 1,0,/ + 1)) > 0 . 

Thus, by Lemma l4.5f i'). each triangle Tji, 0 < j' < d — i — 2, gives rise to a singular point of the 
tropical surface S. 

Hence, by Lemma [4.61 11. we get mt(S',®) = 2{d — i — 1). Furthermore, all algebraic surfaces 
S G Sing(A/p, S') are real, since each given enhancement and a tropical singular point as above 
give rise to the unique singular algebraic surface which is a real solution of a nondegenerate real 
system (1371) . □ 

Corollary 5.9. There are at least + 0{d‘^) real algebraic surfaces S € Sing(A/p) that tropi¬ 
calize to surfaces S G Sing*’''(A/«) with a circuit of type E. 

5.5. Proof of Theorem IB.ll flL The statement immediately follows from Corollaries lA.lll IA.81 
and lA.5[ 

We only remark that there are 2dd-\-0{d?) more singular surfaces S G Sing(A/p) that tropicalize 
to singular tropical surfaces dual to subdivisions of Aj) with circuit of type E and a lattice path 
containing the circuit (see Lemmas lA.ll IA.2I and IA.4D . However, the patchworking procedure 
presented in Step 1 of the proof of Lemma 14.61 does not allow one to easily decide whether the 
obtained singular surfaces are real. 

5.6. Proof of Theorem 15.21 Let M G GL(3,Z) and u G realize the maximal value A = a(A) 
in the definition (j43j) . Since the the count of complex and real singular surfaces for a given A does 
not depend on the GL{3, Z)-action, we can suppose that M is the identity. Note that q;(A) A^ + dv 
is the maximal volume simplex inscribed into dA, and there exist d' = d'{d) G Z and v' = v'{d) G T? 
such that 

A' := A^, v' C q;(A)A^ + dv and a{A)d — d' = 0(1) . (48) 

By Theorem 15.11 there exists a configuration Pq c (M*)^ of Nq = |Aj),| — 2 points such that the 
surfaces of degree d' in passing through pg form a pencil, and this pencil contains m = ^{d')^ + 
0{{d'y) real singular surfaces. Let these surfaces be given be given by polynomials G M[x, y, z] 
with Newton polytope A^, + u', f = 1,..., m. 

Observe that by construction the above pencil intersects the discriminatal hypersurface in 
deg Sing(A)),) = 4:{d' — 1)^ distinct points. That is, all the intersections are transversal, and hence 

by a small variation of the configuration p we can make all truncations (F)*'*^)'^ of the polynomial 

on the faces 6 of A^, + v' to be nondegenerate (i.e., defining smooth hypersurfaces in (C*)^) 
for each i = 1,..., m). 

Now, using the version of the patchworking construction from m Theorem 3.1], we extend the 
above pencil and singular hypersurfaces = 0, f = 1, ...,m, to a real pencil of hypersurfaces in 
the linear system \C/s\ on the toric variety Tor](c:(A) and respectively m real singular hypersurfaces 
in it. Since Vol(a(A)A^) — Vol(A]),) = 0{d?) (cf. (|48]) 1. we then get m = |a(A)^d^ + 0{d?) real 
singular surfaces in the pencil constructed, as required in Theorem 15.21 
To apply m Theorem 3.1], we define appropriate initial data: 
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(1) Combinatorial data. Let 5 C (A^, + v') be a two-face, L{5) C the affine plane spanned 
by (5, S the primitive integral outer normal, the value of the linear functional 
a; G {x, ns) G M on 5. Define 


ns : dA —>■ M, ns{x) 


0, if {x,ns) < ^is, 

{x,ns), if {x, ns) > ns, 


and set 


n : dA —)• M, n = ns , 
s 


where 6 runs over all two-faces of A^, + v'. Observe that u is a convex piecewise-linear 
function on dA, integral valued at dA n and its linearity domains divide dA into the 
union of lattice 3-polytopes Aq U ... U A,., Aq = A^, -|- v'. Denote by Q the adjacency graph 
of the polytopes Aj, i = 0, ...,r, and orient Q without oriented cycles so that Aq will be a 
pure source. This, in particular, dehnes a partial order on the polytopes of the subdivision, 
and we will assume that the numbering Aq, ..., A,, extends this partial order to a linear one. 

(2) Algebraic data. For any i = l,...,r, let Ni = |(Aj A j) n Z^l and (if Ni > 0) choose a 

generic conhguration of Ni points Pj C Note that 


Nq -|- ... + Nr = |dA n Z^l — 2 = dimSing(dA) . 


Due to the general position of each configuration Pj, i = 1, ...,r, for any j = 1, ...,m, there 

exists a unique sequence of polynomials Fj^\ Fj^\ ..., G M[x,y, z]. Namely, given a 
(0) (k) (k-\-l) 

subsequence F^ , ...jij ' , k < r, we define Fj ' to be the polynomial, whose coefficients 
of the monomials (a;i,a; 2 ,W 3 ) G A^+i n A/ coincide with the corresponding 

coefficients of F) ' for all I = 0,...,k, and such that F) =0. Due to the general 

^ 1 'Pk+i 

position of the configurations P;, 0 < / < A: -|- 1, the polynomial F)- is defined uniquely, 
and it defines a smooth hypersurface in (C*)^. 

In addition, we define a configuration of A = |A n Z^| — 2 points in 

r 

P = Po U U P^ 

where, for each i = 1, ...,r, the configuration p\ is obtained from pj C (M*)^ C by 

applying the map 

(x,y,z) u|^,(x,2/,z) =72;X-h7yy+ 72^-1-70 ■ 

(3) Transversality conditions. The transversality conditions required in [161 Theorem 3.1] re¬ 
duce to the following statements, which we have by construction: 

• each polynomial Fj^\ 1 < J < ur, defines a uninodal surface in (C*)^, which corre¬ 
sponds to a transverse intersection point of the pencil dehned by the conhguration Pq 
and of the discriminant Sing(Ao); 

(k) 

• each polynomial Fj , 1 < j < m, 1 < k < r, is uniquely determined by the linear 

conditions to have given coefficients at the points w G A^ n U/<A: to vanish at 

Pk- 

Thus, by [TU Theorem 3.1], each sequence , Fj^\ ..., G M[x,y, z], I < j < m, produces 
a real singular surface in the toric variety Tor]K(A) passing through the conhguration p C 
which completes the proof. 
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Appendix A. Application to the computation of discriminants 


Denote 

A3 = Conv{(0,...,0),((i,0,...,0),(0,d,0,...,0),...,(0,...,0,d)} CM" . 

As we mentioned already in Example [H degSing(A^) = 4((i — 1)^. We will demonstrate a compu¬ 
tation of the top asymptotical term in deg Sing(Aj^) for the general case and a precise computation 
of degSing(A 3 ) = 32 via formula ([2]), based on the lattice path algorithm presented in Sections [3] 
andm 


A.l. Enumeration of singular algebraic surfaces of degree d > 2. Let d > 2. Fix the line 
L C passing through the origin and directed by the vector v = (1, e, e^) with a sufficiently small 
rational e > 0. It then defines the following order on n = {w^ '■ k = 0,N + 1}: 


Wk = ^ Wk' 




either 
< or 


or 

\ 


i < z', 

* = j < 

* = j = I < I'- 


We shall use also the induced order 

(i, j) ^ (^^/) 


{ either 
or 


i < i', 

i = f', j < f- 


(49) 


(50) 


Pick N = IA^ n Z^l — 2 points xi, G L satisfying ([3]), and a generic conhguration p C (K*)^ 

of N points such that Val(pj) = Xi, i = 1, N. 

It is clear that, in the considered situation, no singular tropical surfaces with circuits of type B 
or C are possible. We will describe all tropical surfaces S G Sing’^’’(A^, ®) contributing to the top 
asymptotical term of degSing(A^). Using Corollaries IA.51 [A.81 and lA.lll below. we derive that 


degSing(A))) = ^ mt(5, x) = 4d^ + 0{d^) . 

SGSing*^(A3,S) 


A. 1.1. Contribution of singular tropical surfaces with a circuit of type E (see FigureUf). 


Lemma A.l. Let Wk = ii,j,l) with i,j > 0 and 0<l<d — i — j. Then there exists a unique 
tropical surface S G Sing’^’’(A^, ®) matching the lattice path P^. It has a circuit Cs = {{i-,j,l — 
1), (laOi (b + 1)} of type E, and mt{S,x) = 8. 


Proof. The order yields that the path P^ contains the edge [wk-i,'Wk+i] = [{i,j,l — 
1), {i,j,l + 1)], and hence the circuit must be of type E. By Lemma [37FI we get a unique surface 
S G Sing''’’(A^, ®). Moreover, by Lemma l4.2l vf. S admits a unique enhancement a. To allocate a 
possible singular point y G S, we follow the procedure from LemmaDenote bi = ns{i,j, I -|- 1), 
^0 = z^s(l j) I — Ej. Then the function A' : A^ —)■ M is as follows: 


A'{x,y,z) 



1 ) + 


bp + hi 
2 


(51) 


In view of dH) and (f4^ . we have 


0 < nsii'j'J') < 6o < as long as (z', /) X (z,j) (z",/) . (52) 

Hence the graph of the function Vx,y '■ A^ —^ M is the lower convex hull of the points (a;, —c(,), 
uj G A^ n Z^ \ {(z, j)}, such that 


— c 


/ 

U) 


^s{i',j',d-i' -f) 


h^{d-i'-j'-l) 

bp+bi 
2 ’ 


bg+bi 
2 ’ 


if O; = (z',/) -< (Z,j)> /.O'! 

if (z, j) X w = (z',/). 


From (f52]) we can easily derive that all the points {uj,—c'^), uj G A^nZ^\{(z, j)}, appear as vertices 
of the graph of Wx,!/, and that this function induces a smooth triangulation of A^, built on the lattice 
path, which goes through the points uj G A^nZ^\{(z, j)} in the order (fSOjl and has the unique edge 
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El = [{i,j — 1), ii,j + 1)] of length 2. Consider now the segment E 2 = [{i — 1, d — i + 1), {i + 1, 0)]. 
The function A" : —>• M defined by the conditions 

A"I= Vx,y Iand {ux,y -A'')\j^^= const , 


can be expressed as 


A"{x,y) = 


—c. 


ci+i 


+ 


{y-j) + 


—a 


■i+1,0 


+ c' 




{x -i) + 


—c, 


*j+i 


— c, 




Relations (I52p and formulas ()53p immediately yield that 


i^x,y{^) > for all cj (i — 1 , d — i + 1 ) and a; (i + 1 , 0 ) , 


and hence the hypotheses of Lemma l4.5r iil are satisfied. By Lemma I4.6P 21. we obtain 8 algebraic 
surfaces S G Sing(A^,p, S). 

Note that, in this construction the segment Ei is defined uniquely, and for any segment E 2 = 
[(z — l,y), (i + 1, j")] E 2 , the corresponding function A" = will satisfy, due to ([5^ . 


J either {^x,y — — l,d — z + l)< 0 ifj'<d — z + 1 , 

I or - \"){i + 1 , 0 ) < 0 if f > 0 , 

contrary to the conditions of Lemma 14.51 

Furthermore, if j > 2 , the subdivision of A^ contains no triangle, equivalent to that from the 
list ([31]) up to the shift (x, y) ^ [x — i,y — j) and a Z-linear transformation. In turn, if j = 1, the 
triangles Tj/ = Conv{(z — (i — l,j' + 1), (z,0)}, 0 < j' < d — i, meet the above requirement. 
However, the linear function A" : —)■ M linearly extending lyx^yl^, satisfies (cf. ([5^ and ([53])) 


A"(l 1) = -c-^o-Ci-i,j'+i+c-_ij, = vs{i,0,d-i) + i^s{i-l,j' + l,d-i-j')-i^s{i-l,j',d-i-j' + l) 


, d — i —I , d — i —I —2 d — i — l ,, , 

-bi -^-+ bo -^-= -bi ---+ 0 ( 61 ) < 0 , 


2 " 2 
contrary to the conditions of Lemma 14.51 


□ 


Lemma A.2. Let W}^ = (z,0,/) with i > 0 and 0 < I < d — i. Then there exists a unique 
tropical surface S G Sing*''(A)), x) matching the lattice path F^. It has a circuit Cs = {{i,0,l — 
1), (z, 0, 1), (z, 0 ,1 + 1)} of type E, and mt(5, x) = 2(d — z + 1). 

Proof. We proceed as in the proof of Lemma lA.il similarly obtaining formulas (|5ip and (1531) . 
where j = 0. The subdivision of A^ is again a smooth triangulation, built on the lattice path, which 
goes through the points w G A^ n \ {(z, 0)} in the order (l50p . Since pr,,, ^(z, 0, 1) = (z, 0), the case 
(ii) of Lemma H3] is not possible. However, the triangles Ty = Conv{(z — 1,/), (z — 1, j' +1), (z, 1)}, 
0 < j' < d — z, of the obtained subdivision of A^ meet the conditions of Lemma l4.5l iL Moreover, 
the function A" : A^ —)• M, linearly extending Ux,?; j satishes 

A"(z, 0 ) = -c-i-c'_ij, + c'_i = U 5 (z, l, 0 ) + us(z-l,/,d-z-/ + l)-us(z-l,j' + l,d-z-/) 

+ 1) - 0 ) + o{vs{l 1, 0 )) > 0 . 

Hence, the conditions of Lemma 14.51 are satisfied, and we obtain mt(S', x) = 2(d — z + 1). □ 


Lemma A.3. Let = (z, j, d — i — j) with j > 0 and i + j < d — 1. Then there exists a unique 
tropical surface S G Sing*'’(Aj^, x) matching the lattice path F^ and the circuit Cg = {(*, j — l,d — 
i — j + 1), (z, j, d — i — j), (z, j + 1, d — z — J — 1)} of type E. Furthermore, mt(S', x) = 2(d — z — 1). 
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Proof. The smooth triangulation of induced by the path T^ contains an edge [(z, j — — i — 

j + l),{i,j + l,d — i — j — 1)\ of length 2, which forms a circuit of type E. Let ^ —)• be the 

projection onto the {x, y)-plane parallel to the vector a = (0,1, —1). The point pic^y{Cs) = (z, d—i) 
belongs to and hence the situation of Lemma ITAT iil is not possible. Set bo = — l,d — 

i — j + 1) and bi = Vs{hj + — i — j — I), and note that 

0 < < ^0 < when {i', f + l') ^ {i,d - i) < {i'\ f + l”) . (54) 

The suitably modified construction of Lemma 03] yields A'(y) = [y — j) + , and that the 

graph of the function h'x,y is the lower convex hull of the set of points (w, uj € A^ n \ 

{{i,d — z)}, where due to (l5l]l we have 


-c'/ 


= 


zz5(z,j + l,j' -j - 1) - bi, 


bi—bg , 


fcp+fcl 
2 ' 


if (z',/) A (z,j) 

if i' = i, j < f <d- i, 

if i' > i. 


^ZZ5(z',0,/) + 

One can see that all the points (w, —c'^), co S A^ n \ {(z, d — z)}, are vertices of the graph of 

b'x,y, and that the subdivision of A^ induced by h'x,y is a smooth triangulation built on the lattice 

path, which goes through the points ui G A^ n Z^ \ {(z, d — z)} in the order (l50l) . This subdivision 

contains the triangles Tji = Conv{(z, d — z — 1), (z +1, j'), (z +1, j' +1)}, 0 < j' < d — i —2, satisfying 

the conditions of Lemma Id.Sf il. Moreover, the functions A" : A^ —)• M, linearly extending b'x,y\rp , 

-'z' 

satisfy 


A"(z, d — i) = 

= z/ 5 (z, j + l,d - z - j - 2) + us{i + 1,0,/ + 1) - vs{i + 1,0,/) - hi 
= + 1 , 0 ,/ + 1 ) + o{vs{i + 1 , 0 ,/ + 1 )) > 0 ; 

if j < d — z — 1; if J = d — z — 1, we obtain 

A"(z, d — i) = —c[,i-i-i — c/i jv+i + c[j^i^j, 

= z - 1,0) + i^sii + 1,0,/ + 1) - zzs(z + 1,0,/) - 

= vs{i + 1,0,/ + 1) + o{vs{i + 1,0,/ + 1)) > 0 . 

Hence, by Lemma 031 we get mt(5, ®) = 2(d — z — 1). □ 

The following lemma confirms that no other surface S G Sing*''^(A/®) has a circuit of type E. 

Lemma A.4. Let 

(i) either Wk = {0,j,l), j,l >0, j + l < d, 

(a) orwk = (z,j,0), z,j > 0, z +j < d, 

(in) or Wk = (z, d — z, 0), 0 < z < d, 

(iv) or Wk = (z, 0,0), 0 < z < d. 

Then there is no surface S G Sing*'’(A/®) matching the lattice path T^ and having a circuit of type 

E. 

Proof. Suppose that such a surface S G Sing*’’(Arf, ®) does exist. The construction of Lemma 
03] (as performed in the proof of Lemmas IA.1IIA.3]) leads 

• in case (i), to a function Ux^y : A^ —)• M, which is defined by ()53p and which induces a smooth 
triangulation of A/ built on the lattice path going through the points A^ n Z^ \ {(0,j)} 
in the order (|50l) : if j > 0 this subdivision does not meet neither the conditions of Lemma 
l4.5f iL nor of Lemma l4.5l fiil: 
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• in case (ii), to a function '■ defined by the values 


'vs(i', d-i'- I', I') - - i' - - j) - 

us(b d-i-I', I') + ^(j + i + l'-d)- 


if i' < i, 

if i' = i, I' < d — i — j, 
if i' = i, V > d — i — j, 
if i' > i, 


bo = - 1 , 0 ), bi = vs{i,3 + 1 , 0 ). 

It induces a smooth triangulation of A^, built on the lattice path going through the points 
n \ {(i,0)}, and this subdivision contains triangles T;/ = Conv{(i, 1), (i — 1,/'), (i — 
1,1' + 1)}, 0 < I' < d — i, however, the function A" : A^ —>• M linearly extending i'x,z\rp, 
takes the negative value 


A"(z,0) — —c'ii — 

bo + bi 


z^s(bi, 1) - 


+ 


i^sii — l,d — i + 1 — I ,l ) — 
vs{i — 1, d — i — I',1' + 1) — 


, ,,\ bi — bo , ,, bo + bi 


2 

bi - bo 


{d-i + l-l' -j) - 


{d-i-l' - j)- 


bo + bi 


= -bi + o{bi) < 0 , 


which contradicts the conditions of Lemma 14.51 

• in case (hi), to the projection with ; {x,y,z) i->- (x + y,z), inducing a smooth trian¬ 

gulation of A^, built on the lattice path going through the points A^ n \ {(d, 0)} in the 
order ()5np . which does not satisfy the combinatorial conditions of Lemma l4.5lf i.iil: 

• in case (iv), to a function Uy^z ■ inducing a smooth triangulation of A^, built on 

the lattice path going through the points A^ n Z^ \ {(0,0)} in the order (f50l) . which does 
not satisfy the combinatorial conditions of Lemma l4.5l( i.ii). □ 


Corollary A.5. Let Singg(A^,£c) C Sing*’’(A^, a;) be formed by singular tropical surfaces with a 
circuit of type E. Then 

mt(5, x) = ^d^ -|- 0{df) . 

5GSing*J(A3,*) 

Proof. Straightforward from Lemmas lA.lllA.7l □ 


Remark A.6. Note that the tropical surfaces we consider in this count may have up to d singu¬ 
lar points (accounting for different algebraic realizations of the same tropical surface, for which 
the tropicalization of the singularity differs). The different singular points occur for the different 
triangles we pick e.g. in the case considered in Lemma lA.21 

A. 1.2. Contribution of singular tropical surfaces with a circuit of type D (see FigureUf). 

Lemma A.7. (1) Let = (*,}, 0) with i>0,0<j<d — i. Then, for any quadruple 

Qi = {(bJ,0), (i,j, 1), {i,j-l,l), {i,j -1,1 + 1)} C l = 0,...,d-i-j, 

there exists a unique tropical surface S G Sing’''^(Aj), x) matching the lattice path L^. (see Lemma 
and having the circuit Cs = Qi of type D. 

(2) Let Wk = {i,j, d — i — j) with i>0, 0<j<d — i. Then, for any quadruple 

Qi = {{Lj,d-i-j), {i,j,d-i-j-l), {i,j + l,l), {i,j + 1,1 + 1)} C I = 0, ...,d - i - j-2, 
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there exists a unique tropical surface S G Sing*'^(A^, matching the lattice path and having the 
circuit Cs = Qi of type D. 

(3) Let Wk = (i,0,0) with 0 < i < d. Then, for any quadruple 

= {(*>0,0), (i,0,1), {i-l,j,l), {i-l,j,l + l)} C A% l = 0,...,d-i-j -1, 

j = l,...,d-i, 

there exists a unique tropical surface S G Sing*'^(A^, matching the lattice path and having the 
circuit Cs = Qj^i of type D. 

(4) Each of the above surfaces S satisfies mt(S', = 2. 

Proof. In view of Lemmas 13.91 and 13.101 to prove claims (l)-(3) one has to only show that 
the quadruple Qi, resp. Qj^i spans a parallelogram of lattice area 2 not contained in dA^, which 
intersects with Conv{iro, ...,iUfc-i} along one of its edges, and that the point is intermediate 
in Qi, resp. Qj^i along the order (I49p . The claim (4) follows from Lemma 14.91 □ 


Corollary A.8. Let Sing)5(A^, a;) C Sing*’’(Aj), a;) be formed by singular tropical surfaces with a 
circuit of type D. Then 

mt{S,x) = d^ + 0{d‘^) . (55) 

SGSing)5(A3,®) 

Proof. Lemma [A. 71 yields that the left-hand side of (|55p is at least d^ + 0{d'^). One easily checks 
that no other surface with a circuit of type D contributes to the leading order d^. 

□ 


Remark A.9. In fact, there are other surfaces S G Sing)5(A^, a;), and they correspond to lattice 
paths Ffc with = {i,d — i,0), 0 < i < d and quadruples 

Qj = {{i,d- i,0), {i,d-i - 1,1), {i + l,j,0), {i + l,j - 1,1)}, 0 < j < d- i - 1 . 

However, their total contribution to the left-hand side of (l55|) is 0{d‘^). 

A.1.3. Contribution of singular tropical surfaces with a circuit of type A (see Figure\^. 


Lemma A.10. Let = {i,d — i,0) with 0 <i < d. Then, for any b-tuple 

Q'j,i = {{hd- i,0), {i,d-i - 1,1), (i + l,j,0), (i + l,j - 1,1), {i + l,j - 1,^ -f 1)} C A ^ 


j > 0, I >2, j + l<d — i — 1, 

and for any 5-tuple 

Q'li = {{hd- i,0), {i,d-i- 1,1), (i -b l,j,l), {i + l,j,l + 1), (i + l,j - l,d - i - j)} C A^ , 

j > 0, I > 0, j + l<d — i — 2, 

there exists a unique tropical surface S G Sing*^''(A^, ®) matching the lattice path F^ (see Lemma 
\3.3\} and having the circuit Cs = Q'ji, resp. Cg = Q"i of type A. Each of the above surfaces S 
satisfies mt(S', ®) = 1. 


Proof. Observe that each pentatope Couv{Qj ;) or Conv((5''^) is Z-afhne equivalent to some Hpq 
dehned in (fTOl) . Furthermore, the last (in the sense of order ()49]l ) point of Q'- ^ is Wn' = {i + l,j, 0), 
and the last point of Q"i is Wn" = {i + l,j,l + 1), and the point is intermediate in both cases. 
Furthermore, one can see that the intersection of Conv(Q'j) with Convjm^ : 0 < s < n', s k} 
is a common 2-face Conv{(i, d — i — 1,1), {i + l,j — 1, 1), {i + 1, j — 1,1 + 1)}, and the intersection 
of Conv(Q'';) with Convjms : 0 < s < n", s 7 ^ A:} is a common 2-face Conv{(i, d — i — 1,1), {i + 
l,j, 1), {i + l,j — l,d — i — j)}. Furthermore, for the points of Ql ^ we have the relation 

Wk = {i,d- i,0) = {i + l,i,0) - I ■ [i + l,j -1,1) + {I -1) ■ {i + l,j -1,1 + 1) + {i,d - i -1,1) , 






ENUMERATION OF COMPLEX AND REAL SURFACES VIA TROPICAL GEOMETRY 


35 


while for the point of 

Wk = {i,d - i,Q) = [d - I - i - j - 1 ) ■ {i + I, j,l + 1) - [d - 2 - i - j - 1 ) ■ [i + 

+ - '^,d-i- j) + {i,d-i-l,l) , 

which in both cases yields, first, that > 0 (in the notation of Lemma 1,3.1311 and, second, that 
|A(iS',p)| = 1 for each of the considered singular tropical surfaces S (in the notation of Lemma f4.2p . 
□ 


It is not difficult to show that no other surfaces S G Sing^KA^,*) are possible (the use of other 
lattice paths necessarily leads to a pair of parallel edges in the pentatope, which is forbidden for 
pentatopes Ilpg). Hence, we obtain the following corollary: 

Corollary A.11. Let Sing( 4 (A^,®) C Sing*'’(A^, he formed by singular tropical surfaces with a 
circuit of type A. Then 

mt(5, = ^d? + 0{d^) . 

SeSing^liAlx) 

A.2. Enumeration of singular cubic and quadric surfaces. 

Lemma A. 12. Using our lattice path algorithm, we obtain for a point configuration x as in the 
beginning of subsection [3121 

yy mt(5, ®) = 32. 

5eSing<^qA3,®) 

Proof. We mainly adapt the results of the preceding section to the case of d = 3. 

Following Lemma lA.2[ we consider the lattice path F^ (see Lemma 13.211 for Wk = (1,0,1) and 
obtain one singular tropical surface with circuit of type E, which gives rise to 6 singular algebraic 
cubics. 

Following Lemma fAAl we consider the lattice paths F^. for Wk = (0,1, 2), (0, 2,1), or (1,1,1) and 
obtain 3 singular tropical surfaces with circuit of type E, two of them giving rise to four singular 
algebraic cubics, one to two. 

Eollowing Lemma lA.Tl l). we consider the lattice path F^ for Wk = (1,1,0) and obtain 2 singular 
tropical surfaces with circuit of type D, each of them giving rise to 2 singular algebraic cubics. 

Following Lemma lA.7r 2). we consider the lattice path F^ for Wk = (1,0,2) and obtain a unique 
singular tropical surfaces with circuit of type D giving rise to 2 singular algebraic cubics. 

Following Lemma[A7l(3), we consider the lattice path F^ for Wk = (1,0,0) or (2,0,0) and obtain 
4 singular tropical surfaces with circuit of type D, each of them giving rise to 2 singular algebraic 
cubics. 

Finally, letting Wk = (0,3,0), we can easily check that there exists a unique singular tropical 
surface matching the lattice path F^. and having circuit C = {(0,3, 0), (0, 2,1), (1,1,0), (1, 0,1)} of 
type D. It satisfies conditions of Lemma r3.101 and hence provides 2 singular algebraic cubics. (Such 
extra singular tropical surfaces were mentioned in Remark IA.9I as those which do not contribute to 
the top asymptotics of deg Sing(A))).) □ 


Remark A.13. Using the results of the previous subsection, we can easily verify that 

yy mt(S', ®) = 4. 

SsSing*''(A2,a;) 

Indeed, following Lemma I A. 31 we obtain one circuit of type E for the lattice path F^ (see Lemma 
13.2|) for Wk = (0,1,1) contributing 2, and following Lemma I A. 71 (3), we obtain one circuit of type 
D for the lattice path F^ for Wk = (1,0,0) contributing another 2. 
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